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ABSTRACT OF THE DISSERTATION

Learning Robust Features and Metrics for Image Classification and Matching

By

Bailey Kong

Doctor of Philosophy in Computer Science

University of California, Irvine, 2018

Professor Charless C. Fowlkes, Chair

Vision systems use a pipeline of feature extraction and analysis to predict the desired output

from input image data. With robust features, we can achieve high accuracy using care-

fully chosen, but simple analysis. Learning features and using features effectively are two

problems we focus on in this work. We propose a novel formulation of convolutional sparse

coding called spherical sparse coding (SSC). SSC removes the need for iterative optimization

to compute the sparse codes (features) for the typical least squares formulation. Using the

SSC formulation, we show a clear connection between convolutional sparse coding and con-

volutional neural networks (CNNs). We extend SSC to a supervised method for classification

that uses codes that are biased by a hypothesized class. These class-specific codes can be re-

constructed to give us images that maximize the classification score of the hypothesized class.

Next, we propose using the Siamense network architecture with the multi-channel normalized

cross-correlation (MCNCC) similarity metric for cross-domain image matching. We show

that our choices in how we use features can have significant performance consequences; even

prior to learning any parameters, we achieve state-of-the-art performance using off-the-shelf

CNN features with MCNCC on a number of different cross-domain matching problems.

xiii



Chapter 1

Introduction

Building highly accurate vision systems requires discovering representations from the input

data and effectively using the captured information to predict the target output. Having an

informative representation that is highly discriminative can allow us to use a simple predictor

to get great performance, having an uninformative representation may require us to use a

more sophisticated predictor to get the same performance. Consider the task of classifying

2D geometric shape in a binary image, we could try simply compiling a set of image templates

(one of each shape we care about) and classify the shape by adopting the same shape label

as the closest matching image in our set using a näıve metric like Euclidean distance or

Cosine similarity. This simple method works well if the set of templates was representative

of what we expect to see (i.e., a single scale and orientation for each shape), but quickly fails

when these assumptions change. So this hypothetical example method is not very robust

as it does not account for many of the intraclass variances we typically see in images, e.g.,

geometric transformations, lighting effects, and measurement noise. A more robust method

could use a better representation of the data, that for example builds a histogram of corners

that are greater than, equal to, and less than 90 degrees, while continuing to use a näıve

distance/similarity metric. Alternatively, a different but equally robust method could use

1
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Figure 1.1: Learning pipeline.

the same set of images (one of each shape), but use a more sophisticated metric that is

invariant to changes in the scale and orientation of the shape.

In the past, features and metrics were hand-designed in a laborious process of hypothesizing

and evaluating their usefulness. This process, illustrated as a pipeline in Fig. 1.1, could take

months or years, if ever, to meet the desired performance. Automating this process is the

essence of machine learning and computer vision.

This pipeline contains three components: the feature extraction function f , the task-specific

function g, and the loss function `. We also have two types of data, the input image data and

the target data. The target data is task specific, for example, for classification this will be a

single class label for each input data or for segmentation this will be pixel-level label map for

each input data. The feature extraction function takes the input image and outputs features

that preserve useful properties while removing harmful properties from the input. While the

properties that are useful versus harmful are task specific, features may remove variances like

affine transformations, color, and lighting effects, and may select discriminating variances

like shapes. The task-specific function then takes the features as input and outputs the

predicted target data. The loss function then compares the predicted target data to the true

target data (“ground truth”) and outputs a measure of difference between the two.

Note that while we describe a pipeline where the feature extraction function and the task-

specific function are separate components (piece-wise), we could describe a pipeline where

2



the two are merged into a single component that produces an output directly from an input

(end-to-end). An end-to-end pipeline can yield higher performance over a piece-wise pipeline,

but only when there is enough task-specific training data. This can be difficult to obtain for

many tasks, so at the expense of some performance the piece-wise pipeline offers the flexibility

of building each component separately which requires much less task-specific training data

and can even exploit training data from other tasks. Consider, for example, an esoteric

task like forensic shoeprint matching which has labeled data on the order of hundreds of

examples, and contrast this with common tasks like object classification which has labeled

data on the order of millions. Using the piece-wise pipeline we can make use of the vast

amount of labeled data from object classification to learn a feature extraction function for

object classification, but repurpose it for shoeprint matching.

Learning done with respect to the pipeline involves updating the parameters of the functions.

And depending on our particular task, the feature extraction, task-specific, or both functions

are parameterized so that we can learn the parameters that minimize the loss function. In

this thesis, we will cover ways to learn parameters of both the feature extraction and task-

specific functions from image data for tasks such as object classification, matching, and

alignment.

1.1 Learning Features

The first part of the thesis focuses on feature learning methods. In Chapter 2 we review

sparse coding, a feature learning method that finds a sparse representation that accurately

reconstructs the input data as measured using least squares (`2-norm). These sparse repre-

sentations (or sparse codes) are then used as features for other tasks like image classification.

Sparse coding is a popular method because it is “unsupervised;” this means that no addi-

tional annotated/label data is needed to learn the features beyond the input data. The

3



typical formulation of sparse coding reconstructs image patches rather than whole images—

which means it assumes image patches are unrelated, even when patches may be overlapping

in the original image. This is remedied with the convolutional formulation which removes

the assumption using the convolution operator. Both of these formulations, however, require

iterative optimization due to the combination of the quadratic least squares and the linear

`1-regularizer used in their formulations.

We address this limitation in Chapter 3 with spherical sparse coding [32], our novel formu-

lation to the convolutional sparse coding problem. Spherical sparse coding is inspired from

the observation that if the codes are unit length, then expanding least squares results in

only an inner product—a linear term—that compares the input data and its reconstruction.

By replacing least squares with inner product, we are able to compute the sparse codes

(features) in a feed-forward way; and this new formulation establishes a clear connection

between sparse coding and another popular feature learning method, convolutional neural

networks.

We extend spherical sparse coding to a supervised method for classification called energy-

based spherical sparse coding (EB-SSC). This method is inspired by biased competition

theory which suggests that the visual processing system can be influenced by other top-

down processes; so energy-based spherical sparse coding produces codes that are specific to

a hypothesized class (class-specific features). A unique aspect of class-specific features is

that we can visualize the information captured by the features. By reconstructing the input

image using these features, we can actually see a class-specific version of the image that

maximizes the classification score for a particular class. This work is described in detail in

Chapter 3.
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1.2 Learning to Use Features

While the first part of this thesis focused on learning features specific to our data and task,

the second part of this thesis focuses on methods and metrics that help us utilize the in-

formation already captured by existing features. We demonstrate this in Chapter 4, where

we introduce a similarity metric for cross-domain image matching called multi-channel nor-

malized cross-correlation (MCNCC). MCNCC is a multi-channel extension to normalized

cross-correlation (also known as Pearson’s correlation coefficient) that is commonly used for

template matching of gray-scale images. It was originally applied to multi-spectral images

by Fisher and Oliver for single-domain image matching [14], but we show that it is useful for

cross-domain image matching and CNN feature maps. In doing so, we show that MCNCC

performs substantially better than commonly used Cosine similarity or other standardiza-

tion techniques (e.g., whitening) on features extracted from pretrained convolutional neural

network models. This is demonstrated on a variety of tasks: matching forensic shoeprints to

laboratory test impressions, facade images to segmentation labels, and aerial photos to map

images.

Despite state-of-the-art performance, one undesirable aspect of our setup is the need to

search over alignments. For example, while laboratory test impressions are always the entire

shoeprint, forenic shoeprints are frequently partial prints, and so finding the best possible

alignment of two images is necessary. Additionally, our pipeline evaluates each forensic

shoeprint against every laboratory test impression, meaning it checks each impression to

find the most similar one in the set. This poses a problem as matching is not scalable to

even modest sized problems where there are thousands or more images in the database to

match against.

The first step to solving these problems is aligning the database of images. There are

two reasons this. Firstly, if the database of images were all aligned in a canonical pose,
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then the best alignment of a forensic shoeprint to one particular laboratory test impression

would be the same for all test impressions—allowing us to also replace the current alignment

search function with a fast alignment predictor. Secondly, an aligned database gives us an

efficient means to build a search tree for fast (sublinear) matching using existing hierarchical

clustering methods. Aligning the database, or jointly estimating warping parameters for a

set of images to make them as similar as possible, is often referred to as “congealing.” In

Chapter 5, we propose an algorithm for congealing a database of images together—coarsely

by shape and then finely by shape and raw pixels. We then show that an alignment predictor

can replace explicit alignment search for fast image matching on the congealed database.
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Chapter 2

Sparse Coding

In the previous chapter, we discussed our motivation for learning features from images and

a pipeline for doing so. We focus in this chapter on a feature learning method that aims to

learn the underlying features that make up the image data itself. For such methods where

the input and target data are the same, we refer to this class of methods as unsupervised

because no additional annotation or supervision is necessary to use them.

2.1 Introduction

Sparse coding (SC) is the problem of reconstructing the input data using a sparse linear

combination of basis vectors. Its methods are motivated by inspirations from neural coding,

where encoded data is represented by the strong activation of few neurons. A seminal paper

by Olshausen and Field [47] showed that sparse coding of natural images produce Gabor-like

wavelet filters that resemble the receptive fields found in the primary visual cortex (V1).

SC methods have been used in many different areas like: image denoising [13, 70], where

it is believed that reconstructing the input using a sparse representation will produce the
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original clean input as the residual of the observed signal is noise; image compression [11],

where the sparse representation requires fewer bits to store or transmit than the original

signal; and most relevant to this work is image classification [27, 66, 68, 69], where the

sparse representation is used as features to classify objects in images.

The canonical sparse coding is formulated as a least squares reconstruction problem with

a regularization term that penalizes non-sparsity of the codes using the `0-norm. Solving

this formulation is NP-hard, however, and so a convex relaxation of the problem can be

formulated using the `1-norm. And while the `1-norm does not explicitly measure non-

sparsity, it has been shown to induce sparsity due to its shape [12, 15]. This convex relaxation

of sparse coding problem is often formulated as:

arg min
d,z

1

2

N∑
i=1

‖xi −Dzi‖2
2 + β‖zi‖1 (2.1)

s.t. ‖dk‖2 ≤ 1 ∀k = 1, . . . , K,

where xi ∈ Rm is an input vector (e.g., an image patch), D ∈ Rm×n is a matrix containing a

set of basis vectors (typically m < n), zi ∈ Rm is a vector that identifies a sparse linear com-

bination of the bases to reconstruct xi, and β controls the non-sparsity penalization. There

are a few things to note about this formulation; the first is that this system is underdeter-

mined as it only one equation with K + 1 unknowns, which is why unit length constraints

on the basis vectors is required to find an unique solution. The second is that while the

problem of solving for each zi when d is known and visa-versa is convex, the problem of

jointly solving for zi and d is not—requiring the use of alternating minimization methods.

Related Problems: Sparse coding has been shown to be related or equivalent to a number

of other popular feature learning methods, both supervised and unsupervised. One example

is support vector machines (SVM)—a discriminative classification method that minimizes
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empirical risk by finding a hyperplane that maximizes the distance between two classes. If

we modify Eq. 2.1 to replace the `2-norm with the standard Hilbert norm, then Girosi has

shown that the solution to that problem will be the same solution as that of SVM on the

same data—conditioned on the data being noiseless and having been sampled from a function

that has zero mean in Hilbert space [17]. Another example is k-means clustering—a vector

quantization method that partitions the data into groups by assigning each observation x

to the group with the closest mean. If we modify Eq. 2.1 again, but this time replace the

`1-regularizer with a hard constraint on the number of non-zero entries in z (i.e., ‖z‖0 = 1),

then it is clear the two methods are the same if we define closest w.r.t.squared Euclidean

distance. Coates and Ng showed this connection and used modified version of k-means for

feature learning [6].

Coding: Solving for the code z when the dictionary (basis vectors) are known is a convex

optimization problem that has been studied extensively. A survey by Yang et al. [68] showed

coding methods generally fell into two categories: classical methods and first-order methods.

Classical methods like primal-dual interior-point algorithm, which iteratively solve primal

and dual variables of the problem, and homotopy methods, which exploits the characteristic

of the problem that the objective function undergoes a homotopy from the reconstruction

(`2) term to the sparsity (`1) term as weight of the sparsity term (β) decreases. And first-

order methods like proximal-point methods, parallel coordinate descent, and convex cone

solves, which all explicitly make use of the subdifferential structure of the `1 term.

Dictionary Learning: Learning the set of basis vectors is commonly referred to as sparse

dictionary learning in the literature, with the basis vectors being equated to atoms (or words)

in a dictionary. The dictionary learning problem shares many similarities with principal com-

ponent analysis, where in fact the principal components of the data can be used as the basis

vectors from which to reconstruct the data from. The above formulation differs as it does
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not learn an orthogonal set of basis vectors that will decorrelate the variables—allowing us

to learn undercomplete, complete, or overcomplete dictionaries. Undercomplete dictionaries

are strongly related to dimensionality reduction methods as the resulting representation is

reduced. Overcomplete dictionaries provide a richer representation and is commonly used in

tasks like classification.

2.2 Convolutional Sparse Coding

(a) (b) (c)

Figure 2.1: (a) Example A. odoratum grass pollen grain image (SEM, 6000x). (b) Visual-
ization of sparse coding of pollen texture. Pseudo-color indicates dictionary element with
the largest magnitude coefficient (c) Corresponding dictionary learned from images of pollen
texture using convolutional sparse coding with β = 1

The traditional sparse coding formulation reconstructs input vectors of the same length as

the basis vectors, for images, this generally means reconstructing image patches rather than

whole images. However, each input is treated as an independent observation—an assumption

which is clearly not true as image patches in the same local neighborhood are shifted versions

of one another. This leads to dictionaries that contain shifted version of the same atom, which

reduces the richness of the representation [29].

Convolutional sparse coding remedies this shortcoming by modeling shift invariance directly.
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This yields more parsimonious coding schemes but increases complexity by coupling the

coding problem for neighboring image patches where they overlap. Here we describe an

optimization approach which exploits the separability of convolution across bands in the

frequency domain in order to make dictionary learning efficient. Our presentation follows

the notation in the paper of [3] but includes additional implementation details and corrects

some inaccuracies and typos.

2.2.1 Convolutional coding in the frequency domain

The objective for convolutional sparse coding is

arg min
d,z

1

2
‖x−

K∑
k=1

dk ∗ zk‖2
2 + β

K∑
k=1

‖zk‖1

s.t. ‖dk‖2
2 ≤ 1 ∀k = 1, . . . , K,

(2.2)

where dk ∈ RM is the k-th filter, zk ∈ RD is the corresponding sparse feature map, and

x ∈ RD−M+1 is an image. (Note thatM � D.) For simplicity, we discuss using 1-dimensional

image signals, but this generalizes to 2-dimensional image signals as well. It is well known

that convolution corresponds to element-wise multiplication in the frequency domain, so it is

more efficient to rewrite this objective in the frequency domain. Unfortunately this cannot

be done due to the `1 penalty term, which is not rotation invariant. One way to work around

this problem is by introducing two auxiliary variables s and t so that we can optimize part of

the problem in the frequency domain and another part in the spatial domain. The objective
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can be rewritten as

arg min
d̂,s,ẑ,t

1

2D
‖x̂−

K∑
k=1

d̂k � ẑk‖2
2 + β

K∑
k=1

‖tk‖1

s.t. ‖sk‖2
2 ≤ 1 ∀k = 1, . . . , K

sk = F−1d̂k ∀k = 1, . . . , K

tk = F−1ẑk ∀k = 1, . . . , K

sk = Csk ∀k = 1, . . . , K,

(2.3)

where x̂, d̂k, ẑk ∈ CD, sk, tk ∈ RD, and F−1 is the inverse discrete Fourier transform matrix.

The original variables d and z are moved to the frequency domain, and are now denoted

as d̂ and ẑ, while the auxiliary variables s and t take their place in the spatial domain and

constraints are added to couple them together. The careful observer may also noticed that

although originally dk was M dimensional, sk is now D dimensional. The mapping matrix C

zeros out any entries of sk which are outside the desired spatial support so the final constraint

assures the learned dictionary elements have small spatial extent.

Notation: F is the discrete Fourier transform matrix and F−1 is the inverse DFT matrix

defined as F−1 = 1
D

F†. Since the transform matrix F is orthogonal, the squared `2-norm in

the spatial and frequency domains are equivalent up to a scale factor (i.e., D‖s‖2
2 = ‖ŝ‖2

2).

The matrix C is the mapping matrix that truncates a vector RD → RM and pads the

truncation with zeros back to RD. This is can be defined as the product of two matrices C =

PT, where P is our padding matrix (a D×M identity matrix) and T is our truncation matrix

(a M × D identity matrix). For the vectors d, s, z, and t where the subscript is dropped,

we refer to a super vector with K components stacked together (e.g. s = [sᵀ1, . . . , s
ᵀ
K ]ᵀ). The

same applies for the vectors in the frequency domain, ŝ = [(Fs1)†, . . . , (FsK)†]†.
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2.2.2 Optimization by ADMM

To solve this problem with variables in both the frequency and spatial domains, the Alter-

nating Direction Method of Multipliers (ADMM) approach is used. We begin by writing

the augmented Lagrangian that incorporates the equality constraints coupling the auxiliary

variables s, t to the original variables d, z.

L(d̂, s, ẑ, t,λs,λt) =
1

2D
‖x̂−

K∑
k=1

d̂k � ẑk‖2
2 + β

K∑
k=1

‖tk‖1

+
K∑
k=1

µs

2
‖F−1d̂k − sk‖2

2 +
K∑
k=1

λᵀ
sk(F

−1d̂k − sk)

+
K∑
k=1

µt

2
‖F−1ẑk − tk‖2

2 +
K∑
k=1

λᵀ
tk(F

−1ẑk − tk)

s.t. ‖sk‖2
2 ≤ 1 ∀k = 1, . . . , K

sk = Csk ∀k = 1, . . . , K,

(2.4)

where λsk, µs, λtk, and µt are the Lagrange multipliers associated with s and t respectively.

Subproblem z:

ẑ∗ = arg min
ẑ
L(ẑ; d̂, s, t,λs,λt)

= arg min
ẑ

1

2D
‖x̂−

K∑
k=1

d̂k � ẑk‖2
2 +

K∑
k=1

µt

2
‖F−1ẑk − tk‖2

2 +
K∑
k=1

λᵀ
tk(F

−1ẑk − tk)

= arg min
ẑ

1

2D
‖x̂− D̂ẑ‖2

2 +
µt

2D
‖ẑ− t̂‖2

2 +
1

D
λ̂
†
t(ẑ− t̂)

= (D̂†D̂ + µtI)−1(D̂†x̂ + µtt̂− λ̂t),

(2.5)

where D̂ = [diag(d̂1), . . . , diag(d̂K)] is D × KD. Although the matrix D̂†D̂ is quite large,

KD ×KD, it is sparse banded and has an efficient variable reordering such that ẑ∗ can be

found by solving D independent K ×K linear systems (see Sec. A.2 for more details).
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Subproblem t:

t∗k = arg min
tk
L(tk; d̂k, sk, ẑk,λsk,λtk)

= arg min
tk

β‖tk‖1 +
µt

2
‖F−1ẑk − tk‖2

2 + λᵀ
tk(F

−1ẑk − tk)

= arg min
tk

β‖tk‖1 +
µt

2
‖zk − tk‖2

2 + λᵀ
tk(zk − tk)

(2.6)

Given zk and λtk in the spatial domain, it turns out that each coefficient in tk is independent

of all other coefficients,

t∗ki = arg min
tki

µt

2
(zki − tki)2 + λtki(zki − tki) + β|tki|. (2.7)

Which can be efficiently compute in closed form using the shrinkage (soft-thresholding)

function,

t∗ki = sign

(
zki +

λtki
µt

)
·max

{∣∣zki +
λtki
µt

∣∣− β

µt

, 0

}
. (2.8)

Subproblem d:

d̂∗ = arg min
d̂
L(d̂; s, ẑ, t,λs,λt)

= arg min
d̂

1

2D
‖x̂−

K∑
k=1

d̂k � ẑk‖2
2 +

K∑
k=1

µs

2
‖F−1d̂k − sk‖2

2 +
K∑
k=1

λᵀ
sk(F

−1d̂k − sk)

= arg min
d̂

1

2D
‖x̂− Ẑd̂‖2

2 +
µs

2D
‖d̂− ŝ‖2

2 +
1

D
λ̂
†
s(d̂− ŝ)

= (Ẑ†Ẑ + µsI)−1(Ẑ†x̂ + µsŝ− λ̂s)

(2.9)

where Ẑ = [diag(ẑ1), . . . , diag(ẑK)] is D × KD. Like subproblem z, there is an efficient

variable reordering such that d̂∗ can be found by solving D independent K × K linear

systems (see Sec. A.2 for more details).
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Subproblem s:

s∗k = arg min
sk
L(sk; d̂k, ẑk, tk,λsk,λtk)

= arg min
sk

µs

2
‖F−1d̂k − sk‖2

2 + λᵀ
sk(F

−1d̂k − sk)

= arg min
sk

µs

2
‖dk − sk‖2

2 + λᵀ
sk(dk − sk)

s.t. ‖sk‖2
2 ≤ 1

sk = Csk

(2.10)

An equivalent formulation is to drop the spatial support constraint on s and instead preserve

only the M coefficients of dk and λsk associated with the small spatial support.

s∗k = arg min
sk

µs

2
‖Cdk − sk‖2

2 + (Cλsk)
ᵀ(Cdk − sk)

s.t. ‖sk‖2
2 ≤ 1.

(2.11)

The coefficients of sk outside the spatial support (where Cdk is 0) are automatically driven

to 0 by the `2-norm (see Sec. A.1 for details).

We can solve the unconstrained version of this problem by pulling the linear term into the

quadratic, completing the square

s̃∗k = arg min
sk

µs

2
‖Cdk − sk‖2

2 + (Cλsk)
ᵀ(Cdk − sk)

= arg min
sk

µs

2
‖d̄k − sk‖2

2 + λ̄
ᵀ
sk(d̄k − sk) where d̄k = Cdk, λ̄sk = Cλsk

= arg min
sk

µs

2
‖sk −

(
d̄k +

1

µs

λ̄sk

)
‖2

2 −
µs

2
‖d̄k +

1

µs

λ̄sk‖2
2 +

µs

2
d̄k

ᵀ
d̄k + λ̄

ᵀ
skd̄k

= arg min
sk

µs

2
‖sk −

(
d̄k +

1

µs

λ̄sk

)
‖2

2

The optimal solution to the unconstrained problem (denoted by s̃k) is thus given in closed
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form by

s̃k = Cdk +
1

µs

Cλsk, (2.12)

Since this objective is isotropic, we can simply enforce the norm constraint by projecting the

unconstrained solution back on to the constraint set:

s∗k =


‖s̃k‖−1

2 s̃k if ‖s̃k‖2
2 ≥ 1

s̃k otherwise

. (2.13)

Lagrange Multiplier Update:

λ(i+1)
s = λ(i)

s + µs(d
(i+1) − s(i+1)) (2.14)

λ
(i+1)
t = λ

(i)
t + µt(z

(i+1) − t(i+1)) (2.15)

Penalty Update:

µ(i+1) =


τµ(i) if µ(i) < µmax

µ(i) otherwise

(2.16)

With the solutions to all the subproblems, we can solve for Eq. 2.3 with an iterative algorithm

(Alg. 1) that alternates between updating the dictionary, codes, Lagrange multipliers, and

penalties.
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Algorithm 1 Convolutional Sparse Coding using Fourier Subproblems and ADMM

1: Initialize s(0), z(0), t(0),λ(0)
s ,λ

(0)
t , µ

(0)
s , µ

(0)
t

2: Perform FFT s(0), z(0), t(0),λ(0)
s ,λ

(0)
t → ŝ(0), ẑ(0), t̂(0), λ̂

(0)

s , λ̂
(0)

t

3: i = 0

4: repeat

5: dictionary update:

6: Solve for d̂(i+1) given ŝ(i), ẑ(i), λ̂
(i)

s using Eq. 2.9

7: Perform inverse FFT d̂(i+1) → d(i+1)

8: Solve for s̃(i+1) given d(i+1) using Eq. 2.12

9: Solve for s(i+1) by projecting s̃(i+1) using Eq. 2.13

10: code update:

11: Solve for ẑ(i+1) given t̂(i), λ̂
(i)

t , d̂
(i+1) using Eq. 2.5

12: Perform inverse FFT ẑ(i+1) → z(i+1)

13: Solve for t(i+1) given z(i+1),λ
(i)
t using Eq. 2.6

14: Update Lagrange multiplier vectors using Eq. 2.14 and Eq. 2.15

15: Update penalties using Eq. 2.16

16: Perform FFT s, t,λs,λt → ŝ, t̂, λ̂s, λ̂t

17: i = i+ 1

18: until d̂, s, ẑ, t has converged

2.2.3 Effect of ADMM parameters on optimization

This section aims to provide some intuition regarding the hyper-parameters of FCSC opti-

mization, specifically we want to understand how the hyper-parameters interact with one

another in terms of the convergence rate and the objective value. In all our experiments,

we use images that are contrast normalized. The convergence criteria is that we’ve reach a

feasible solution (i.e., s = F−1d̂ and t = F−1ẑ).
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The FCSC algorithm has three hyper-parameters, µs, µt, and β. µs can be thought of as the

parameter that control the convergence rate of the dictionary learning, as it is the step-size

at which we move towards a feasible solution. Likewise, µt is the same for the coding. The

hyper-parameter β in our original objective controls the sparsity of the codes found.

Effect of step-size parameters on coding

First we look at the coding hyper-parameters; using a pre-trained dictionary, we vary β

and µt. Since β controls the sparsity of the codes, we expect (and the results show) that

as it increases the reconstruction error would also increase. Perhaps not surprisingly, the

same behavior is observed w.r.t.the objective value. As β increases the codes become more

sparse to the point where they’re all zeros. At that point the objective value is just the

reconstruction error with a vector of zeros. We see that both the reconstruction error and

the objective value at convergence increase slowly as µt increases. In another experiments

(not shown) we have seen the objective value be roughly the same for all values of µt and

β = 0, when a minimum number of iterations is enforced (in those experiments it was 10).

These iterations are necessary to overcome the “memory” of the initial value of t in the

ADMM iteration.

0

50

100 0 2 4 6 8 10

0

0.5

1

1.5

2

2.5

3

3.5
x 10

4

β

Original objective

µ
t

0

50

100 0 2 4 6 8 10

0

1

2

3

4

5

6

7
x 10

4

β

Reconstruction error

µ
t

0

50

100 0 2 4 6 8 10

0

20

40

60

80

100

120

β

Iter. to convergence

µ
t

Figure 2.2: Effect of µt, β on coding with fixed dictionary.

In terms of the convergence rate, for all values of β we generally see that the number of

iterations required before convergence decreases as µt increases. This is also to be expected
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as we previously described µt as the step-size towards a feasible solution. Ignoring β = 0, we

generally observe that the number of iterations goes down as β increases for any particular

value of µt. This is a bit surprising, but can possibly be explained by considering how

sparsity is induced. We know that the shrinkage function is used to solve the t-subproblem,

and that at each iteration the codes are shrunk by β
µt

towards zero. If β is large enough,

then µt does not grow enough at the early iterations such that additional coefficients of z

are not zeroed out. This in turn magnifies the coefficients of λt to make z more like t, thus

leading to faster convergence.

Effect of step-size and sparsity parameters on dictionary learning

In the second experiment, we fix the step-size µs and simultaneously learn the dictionary

and the codes. Here the results are quite different from before. We see that µt must be

strictly greater than β for FCSC to learn anything meaningful. When β = 1 both the

reconstruction error and the objective value are largely unchanged w.r.t. µt. Finally in

terms of convergence, we continue to observe that as µt increases the number of iterations

to convergence decreases for all values of β, consistent with our first experiment.
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Figure 2.3: Effect of µt, β on joint coding and dictionary learning (µs = 515).
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Effect of step-size on runtime and accuracy

In the third experiment, we fix the β hyper-parameter equal to 1 and look at how µs and

µt interact. With β fixed, we see that the objective values increase as µt and µs increase in

the domain µs > 2000 and µt > 5. This seems to be a result of the optimization enforcing

constraints “too quickly”. For small values of µt and µs (not shown) we also see erratic

behavior. If we ignore the region where µt is less than 5, we see that both the objective and

the reconstruction error are smooth w.r.t. the hyper-parameters. This is quite nice, as we

can choose a computational trade-off between lowering the objective value and the number

of iterations to convergence.

We may also ask whether the optimization produces qualitatively “good” filters. A good

learned filter shouldn’t resemble the initialization and in general we expect to see Gabor-like

oriented edge filters. After examining some learned filters that were subjectively good/bad,

we defined goodness as having a standard deviation greater than 0.7. Much higher than the

flat initialization which has a standard deviation of 0.01 and other bad looking filters that

had standard deviation less than 0.6 in the cases we examined. While not a perfect measure

by any means, we can see in the next set of figures that the reconstruction error is indeed

correlated with the goodness measure.
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Chapter 3

Energy-Based Spherical Sparse

Coding

In this chapter we address a major limitation with using sparse coding as a feature extractor

by proposing a novel formulation that uses inner product instead of least squares, thereby

avoiding the need for iterative optimization. And with all the terms in the proposed formu-

lation being linear, we are able to compute the sparse codes in a feed-forward way. We then

extend the proposed formulation of sparse coding to a supervised method that is inspired

by biased competition theory, where the top-down class label biases the bottom-up features

that are extracted–giving us class-specific features that can be used to reconstruct a version

of the input that maximizes the score of the hypothesized class.

3.1 Introduction

Sparse coding has been widely studied as a representation for images, audio and other

vectorial data. This highly successful method that has found its way into many applications,
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from signal compression and denoising [11, 13] to image classification [66], to modeling

neuronal receptive fields in visual cortex [47]. Since its introduction, subsequent works have

brought sparse coding into the supervised learning setting by introducing classification loss

terms to the original formulation to encourage features that are not only able to reconstruct

the original signal but are also discriminative [27, 69, 74, 26, 78, 76].

While supervised sparse coding methods have been shown to find more discriminative fea-

tures leading to improved classification performance over their unsupervised counterparts,

they have received much less attention in recent years and have been eclipsed by simpler

feed-forward architectures.

This is in part because sparse coding is computationally expensive. Convex formulations of

sparse coding typically consist of a minimization problem over an objective that includes a

least-squares (LSQ) reconstruction error term plus a sparsity inducing regularizer.

Because there is no closed-form solution to this formulation, various iterative optimization

techniques are generally used to find a solution [74, 3, 68, 22]. In applications where an

approximate solution suffices, there is work that learns non-linear predictors to estimate

sparse codes rather than solve the objective more directly [19]. The computational overhead

for iterative schemes becomes quite significant when training discriminative models due to

the demand of processing many training examples necessary for good performance, and so

sparse coding has fallen out of favor by not being able to keep up with simpler non-iterative

coding methods.

In this chapter we introduce an alternate formulation of sparse coding using unit length codes

and a reconstruction loss based on the cosine similarity. Optimal sparse codes in this model

can be computed in a non-iterative fashion and the coding objective lends itself naturally to

embedding in a discriminative, energy-based classifier which we term energy-based spherical

sparse coding (EB-SSC). This bi-directional coding method incorporates both top-down and
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bottom-up information where the features representation depends on both a hypothesized

class label and the input signal. Like [4], our motivation for bi-directional coding comes from

the “Biased Competition Theory,” which suggests that visual processing can be biased by

other mental processes (e.g., top-down influence) to prioritize certain features that are most

relevant to current task. Fig. 3.1 illustrates the flow of computation used by our SSC and

EB-SSC building blocks compared to a standard feed-forward layer.

Our energy based approach for combining top-down and bottom-up information is closely

tied to the ideas of [38, 26, 76, 43]—although the model details are substantially different

(e.g., [26] and [76] use sigmoid non-linearities while [43] use separate representations for top-

down and bottom-up information). The energy function of [38] is also similar but includes

an extra classification term and is trained as a restricted Boltzmann machine.

ReLU Neg. 
ReLU

Concatenation  

Convolution     

x

(a) CReLU

ReLU Neg. 
ReLU

Concatenation  

Normalization  

Convolution     

x

(b) SSC

y

ReLU Neg. 
ReLU

Neg. 
Class Bias

Pos. 
Class Bias

Normalization  

Concatenation  

Convolution     

x

(c) EB-SSC

Figure 3.1: Building blocks for coding networks explored in this paper. Our coding model
uses non-linearities that are closely related to the standard ReLU activation function. (a)
Keeping both positive and negative activations provides a baseline feed-forward model
termed concatenated ReLU (CReLU). (b) Our spherical sparse coding layer has a simi-
lar structure but with an extra bias and normalization step. Our proposed energy-based
model uses (c) energy-based spherical sparse coding (EB-SSC) blocks that produces sparse
activations which are not only positive and negative, but are class-specific. These blocks can
be stacked to build deeper architectures.
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3.1.1 Notation

Matrices are denoted as uppercase bold (e.g., A), vectors are lowercase bold (e.g., a), and

scalars are lowercase (e.g., a). We denote the transpose operator with ᵀ, the element-wise

multiplication operator with �, the convolution operator with ∗, and the cross-correlation

operator with ?. For vectors where we dropped the subscript k (e.g., d and z), we refer to

a super vector with K components stacked together (e.g., z = [zᵀ
1, . . . , z

ᵀ
K ]ᵀ).

3.2 Energy-Based Spherical Sparse Coding

Energy-based models capture dependencies between variables using an energy function that

measures the compatibility of the configuration of variables [40]. To measure the compat-

ibility between the top-down and bottom-up information, we define the energy function of

EB-SSC to be the sum of bottom-up coding term and a top-down classification term:

E(x, y, z) = Ecode(x, z) + Eclass(y, z). (3.1)

The bottom-up information (input signal x) and the top-down information (class label y)

are tied together by a latent feature map z.

3.2.1 Bottom-Up Reconstruction

To measure the compatibility between the input signal x and the latent feature maps z,

we introduce a novel variant of sparse coding that is amenable to efficient feed-forward

optimization. While the idea behind this variant can be applied to either patch-based or

convolutional sparse coding, we specifically use the convolutional variant that shares the

burden of coding an image among nearby overlapping dictionary elements. Using such
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a shift-invariant approach avoids the need to learn dictionary elements which are simply

translated copies of each other, freeing up resources to discover more diverse and specific

filters (see [29]).

Convolutional sparse coding (CSC) attempts to find a set of dictionary elements {d1, . . . ,dK}

and corresponding sparse codes {z1, . . . , zK} so that the resulting reconstruction, r =
∑K

k=1 dk∗

zk accurately represents the input signal x. This is traditionally framed as a least-squares

minimization with a sparsity inducing prior on z:

arg min
z

‖x−
K∑
k=1

dk ∗ zk‖2
2 + β‖z‖1. (3.2)

Unlike standard feed-forward CNN models that convolve the input signal x with the fil-

ters, this energy function corresponds to a generative model where the latent feature maps

{z1, . . . , zK} are convolved with the filters and compared to the input signal [3, 22, 74].

To motivate our novel variant of CSC, consider expanding the squared reconstruction error

‖x− r‖2
2 = ‖x‖2

2 − 2xᵀr + ‖r‖2
2. If we constrain the reconstruction r to have unit norm, the

reconstruction error depends entirely on the inner product between x and r and is equivalent

to the cosine similarity (up to additive and multiplicative constants). This suggests the

closely related unit-length reconstruction problem:

arg max
z

xᵀ
( K∑
k=1

dk ∗ zk
)
− β‖z‖1 (3.3)

s.t.
∥∥ K∑
k=1

dk ∗ zk
∥∥

2
≤ 1

In Sec. B.1 we show that, given an optimal unit length reconstruction r̄∗ with corresponding

codes z̄∗, the solution to the least squares reconstruction problem (Eq. 3.2) can be computed

by a simple scaling r∗ = (xᵀr̄∗ − β
2
‖z̄∗‖1)r̄∗.

The unit-length reconstruction problem is no easier than the original least-squares optimiza-
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tion due to the constraint on the reconstruction which couples the codes for different filters.

Instead consider a simplified constraint on z which we refer to as spherical sparse coding

(SSC):

arg max
‖z‖2≤1

Ecode(x, z) = arg max
‖z‖2≤1

xᵀ
( K∑
k=1

dk ∗ zk
)
− β‖z‖1. (3.4)

In 3.2.3 below, we show that the solution to this problem can be found very efficiently

without requiring iterative optimization.

This problem is a relaxation of convolutional sparse coding since it ignores non-orthogonal

interactions between the dictionary elements1. Alternately, assuming unit norm dictionary

elements, the code norm constraint can be used to upper-bound the reconstruction length.

We have by the triangle and Young’s inequality that:

∥∥∑
k

dk ∗ zk
∥∥

2
≤
∑
k

‖dk ∗ zk‖2 ≤
∑
k

‖dk‖1‖zk‖1 ≤ D
∑
k

‖zk‖2 (3.5)

where the factor D is the dimension of zk and arises from switching from the 1-norm to the

2-norm. Since D
∑

k ‖zk‖2 ≤ 1 is a tighter constraint we have

max
‖
∑

k dk∗zk‖2≤1
Ecode(x, z) ≥ max∑

k ‖zk‖2≤
1
D

Ecode(x, z) (3.6)

However, this relaxation is very loose, primarily due to the triangle inequality. Except in

special cases (e.g., if the dictionary elements have disjoint spectra) the SSC codes will be

quite different from the standard least-squares reconstruction.

1We note that our formulation is also closely related to the dynamical model suggested by [55], but
without the dictionary-dependent lateral inhibition between feature maps. Lateral inhibition can solve the
unit-length reconstruction formulation of standard sparse coding but requires iterative optimization.
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3.2.2 Top-Down Classification

To measure the compatibility between the class label y and the latent feature maps z, we

use a set of one-vs-all linear classifiers. To provide more flexibility, we generalize this by

splitting the code vector into positive and negative components:

zk = z+
k + z−k z+

k ≥ 0 z−k ≤ 0

and allow the linear classifier to operate on each component separately. We express the

classifier score for a hypothesized class label y by:

Eclass(y, z) =
K∑
k=1

w+ᵀ
y z+

k +
K∑
k=1

w−ᵀy z−k . (3.7)

The classifier thus is parameterized by a pair of weight vectors (w+
yk and w−yk) for each class

label y and k-th channel of the latent feature map.

This splitting, sometimes referred to as full-wave rectification, is useful since a dictionary

element and its negative do not necessarily have opposite visual semantics. This splitting also

allows the classifier the flexibility to assign distinct meanings or alternately be completely

invariant to contrast reversal depending on the problem domain. For example, [58] found

CNN models with ReLU non-linearities which discard the negative activations tend to learn

pairs of filters which are related by negation. Keeping both positive and negative responses

allowed them to halve the number of dictionary elements.

We note that it is also straightforward to introduce spatial average pooling prior to classifi-

cation by introducing a fixed linear operator P used to pool the codes (e.g., w+ᵀ
y Pz+

k ). This

is motivated by a variety of hand-engineered feature extractors and sparse coding models,

such as [53], which use spatially pooled histograms of sparse codes for classification. This

fixed pooling can be viewed as a form of regularization on the linear classifier which en-
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forces shared weights over spatial blocks of the latent feature map. Splitting is also quite

important to prevent information loss when performing additive pooling since positive and

negative components of zk can cancel each other out.

3.2.3 Coding

Bottom-up reconstruction and top-down classification each provide half of the story, coupled

by the latent feature maps. For a given input x and hypothesized class y, we would like

to find the optimal activations z that maximize the joint energy function E(x, y, z). This

requires solving the following optimization:

arg max
‖z‖2≤1

xᵀ
( K∑
k=1

dk ∗ zk
)
− β‖z‖1 +

K∑
k=1

w+ᵀ
yk z+

k +
K∑
k=1

w−ᵀyk z−k , (3.8)

where x ∈ RD is an image and y ∈ Y is a class hypothesis. zk ∈ RF is the k-th component

latent variable being inferred; z+
k and z−k are the positive and negative coefficients of zk, such

that zk = z+
k + z−k . The parameters dk ∈ RM , w+

yk ∈ RF , and w−yk ∈ RF are the dictionary

filter, positive coefficient classifier, and negative coefficient classifier for the k-th component

respectively. A key aspect of our formulation is that the optimal codes can be found very

efficiently in closed-form—in a feed-forward manner (see Sec. B.2 for a detailed argument).

Asymmetric Shrinkage

To describe the coding processes, let us first define a generalized version of the shrinkage

function commonly used in sparse coding. Our asymmetric shrinkage is parameterized by
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upper and lower thresholds −β− ≤ β+

shrink(β+,β−)(v) =


v − β+ if v − β+ > 0

0 otherwise

v + β− if v + β− < 0

(3.9)

(a) −β− ≤ 0 ≤ β+ (b) 0 ≤ −β− ≤ β+ (c) −β− ≤ β+ ≤ 0 (d) β− ≤ 0 ≤ −β+

Figure 3.2: Comparing the behavior of asymmetric shrinkage for different settings of β+ and
β−. (a)-(c) satisfy the condition that −β− ≤ β+ while (d) does not.

Fig. 3.2 shows a visualization of this function which generalizes the standard shrinkage

proximal operator by allowing for the positive and negative thresholds. In particular, it

corresponds to the proximal operator for a version of the `1-norm that penalizes the positive

and negative components with different weights |v|asym = β+‖v+‖1+β−‖v−‖1. The standard

shrink operator corresponds to shrink(β,−β)(v) while the rectified linear unit common in

CNNs is given by a limiting case shrink(0,−∞)(v). We note that −β− ≤ β+ is required for

shrink(β+,β−) to be a proper function (see Fig. 3.2).

Feed-Forward Coding

We now describe how codes can be computed in a simple feed-forward pass. Let

β+
yk = β −w+

yk, β−yk = β −w−yk (3.10)
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be vectors of positive and negative biases whose entries are associated with a spatial location

in the feature map k for class y. The optimal code z can be computed in three sequential

steps:

1. Cross-correlate the data with the filterbank dk ? x

2. Apply an asymmetric version of the standard shrinkage operator

z̃k = shrink(β+
yk,β

−
yk)(dk ? x) (3.11)

where, with abuse of notation, we allow the shrinkage function (Eq. 3.9) to apply entries

in the vectors of threshold parameter pairs β+
yk,β

−
yk to the corresponding elements of

the argument.

3. Project onto the feasible set of unit length codes

z∗ =
z̃

‖z̃‖2

. (3.12)

Relationship to CNNs:

We note that this formulation of coding has a close connection to single layer convolutional

neural network (CNN). A typical CNN layer consists of convolution with a filterbank followed

by a non-linear activation such as a rectified linear unit (ReLU). ReLUs can be viewed as

another way of inducing sparsity, but rather than coring the values around zero like the

shrink function, ReLU truncates negative values. On the other hand, the asymmetric shrink

function can be viewed as the sum of two ReLUs applied to appropriately biased inputs:

shrink(β+,β−)(x) = ReLU(x− β+)− ReLU(−(x+ β−)),
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SSC coding can thus be seen as a CNN in which the ReLU activation has been replaced with

shrinkage followed by a global normalization.

3.3 Learning

We formulate supervised learning using the softmax log-loss that maximizes the energy for

the true class label yi while minimizing energy of incorrect labels ȳ.

arg min
d,w+,w−,β≥0

α

2
(‖w+‖2

2 + ‖w−‖2
2 + ‖d‖2

2)

+
1

N

N∑
i=1

[− max
‖z‖2≤1

E(xi, yi, z) + log
∑
ȳ∈Y

max
‖z̄‖2≤1

eE(xi,ȳ,z̄)]

s.t. − (β −w−yk) ≤ (β −w+
yk) ∀y, k

, (3.13)

where α is the hyperparameter regularizing w+
y , w−y , and d. We constrain the relationship

between β and the entries of w+
y and w−y in order for the asymmetric shrinkage to be a

proper function (see Sec. 3.2.3 and Sec. B.2 for details).

In classical sparse coding, it is typical to constrain the `2-norm of each dictionary filter to

unit length. Our spherical coding objective behaves similarly. For any optimal code z∗,

there is a 1-dimensional subspace of parameters for which z∗ is optimal given by scaling d

inversely to w, β. For simplicity of the implementation, we opt to regularize d to assure a

unique solution. However, as [63] point out, it may be advantageous from the perspective of

optimization to explicitly constrain the norm of the filterbank.

Note that unlike classical sparse coding, where β is a hyperparameter that is usually set

using cross-validation, we treat it as a parameter of the model that is learned to maximize

performance.
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3.3.1 Optimization

In order to solve Eq. 3.13, we explicitly formulate our model as a directed-acyclic-graph

(DAG) neural network with shared weights, where the forward-pass computes the sparse code

vectors and the backward-pass updates the parameter weights. We optimize the objective

using stochastic gradient descent (SGD).

As mentioned in Sec. 3.2.3 shrinkage function is asymmetric with parameters β+
yk or β−yk

as defined in Eq. 3.10. However, the inequality constraint on their relationship to keep

the shrinkage function a proper function is difficult to enforce when optimizing with SGD.

Instead, we introduce a central offset parameter and reduce the ordering constraint to pair

of positivity constraints. Let

ŵ+
yk = β+

yk − bk ŵ−yk = β−yk + bk (3.14)

be the modified linear “classifiers” relative to the central offset bk. It is straightforward to

see that if β+
yk and β−yk that satisfy the constrain in Eq. 3.13, then adding the same value

to both sides of the inequality will not change that. However, taking bk to be a midpoint

between them, then both β+
yk − bk and β−yk + bk will be strictly non-negative.

Using this variable substitution, we rewrite the energy function (Eq. 3.1) as

E ′(x, y, z) = xᵀ
( K∑
k=1

dk ∗ zk
)

+
K∑
k=1

bk1
ᵀzk −

K∑
k=1

ŵ+ᵀ
yk z+

k +
K∑
k=1

ŵ−ᵀyk z−k . (3.15)

where b is constant offset for each code channel. The modified linear “classification” terms

now take on a dual role of inducing sparsity and measuring the compatibility between z and

y.

This yields a modified learning objective that can easily be solved with existing implemen-
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tations for learning convolutional neural networks:

arg min
d,ŵ+,ŵ−,b

α

2
(‖ŵ+‖2

2 + ‖ŵ−‖2
2 + ‖d‖2

2)

+
1

N

N∑
i=1

[− max
‖z‖2≤1

E ′(xi, yi, z) + log
∑
ȳ∈Y

max
‖z̄‖2≤1

eE
′(xi,ȳ,z̄)]

s.t. ŵ+
yk, ŵ

−
yk � 0 ∀y, k

, (3.16)

where ŵ+ and ŵ− are the new sparsity inducing classifiers, and b are the arbitrary origin

points. In particular, adding the K origin points allows us to enforce the constraint by

simply projecting ŵ+ and ŵ− onto the positive orthant during SGD.

Stacking Blocks

We also examine stacking multiple blocks of our energy function in order to build a hier-

archical representation. As mentioned in Sec. 3.2.3, the optimal codes can be computed in

a simple feed-forward pass—this applies to shallow versions of our model. When stacking

multiple blocks of our energy-based model, solving for the optimal codes cannot be done in

a feed-forward pass since the codes for different blocks are coupled (bilinearly) in the joint

objective. Instead, we can proceed in an iterative manner, performing block-coordinate de-

scent by repeatedly passing up and down the hierarchy updating the codes. In this section

we investigate the trade-off between the number of passes used to find the optimal codes for

the stacked model and classification performance.

For this purpose, we train multiple instances of a 2-block version of our energy-based model

that differ in the number of iterations used when solving for the codes. For recurrent networks

such as this, inference is commonly implemented by “unrolling” the network, where the parts

of the network structure are repeated with parameters shared across these repeated parts to

mimic an iterative algorithm that stops at a fixed number of iterations rather than at some
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convergence criteria.
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Figure 3.3: Comparing the effects of unrolling a 2-block version of our energy-based model.
(Best viewed in color.)

In Fig. 3.3, we compare the performance between models that were unrolled zero to four

times. We see that there is a difference in performance based on how many sweeps of the

variables are made. In terms of the training objective, more unrolling produces models that

have lower objective values with convergence after only a few passes. In terms of the testing

error rate, however, we see that full code inference is not necessarily better, as unrolling

once or twice has lower error rates than unrolling three or four times. The biggest difference

was between not unrolling and unrolling once, where both the training objective and testing

error rate go down. The testing error rate decreases from 0.0131 to 0.0074. While there is

a clear benefit in terms of performance for unrolling at least once, there is also a trade-off

between performance and computational resource, especially for deeper models.

3.4 Experiments

We evaluate the benefits of combining top-down and bottom-up information to produce

class-specific features on the CIFAR-10 [37] dataset using a deep version of our EB-SSC.

All experiments were performed using the MatConvNet [64] framework with the ADAM

optimizer [30]. The data was preprocessed and augmented following the procedure in [18].
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Base Network
block kernel, stride, padding activation
conv1 3× 3× 3× 96, 1, 1 ReLU/CReLU
conv2 3× 3× 96/192× 96, 1, 1 ReLU/CReLU
pool1 3× 3, 2, 1 max
conv3 3× 3× 96/192× 192, 1, 1 ReLU/CReLU
conv4 3× 3× 192/384× 192, 1, 1 ReLU/CReLU
conv5 3× 3× 192/384× 192, 1, 1 ReLU/CReLU
pool2 3× 3, 2, 1 max
conv6 3× 3× 192/384× 192, 1, 1 ReLU/CReLU
conv7 1× 1× 192/384× 192, 1, 1 ReLU/CReLU

Table 3.1: Underlying block architecture common across all models we evaluated. SSC net-
works add an extra normalization layer after the non-linearity. And EB-SSC networks insert
class-specific bias layers between the convolution layer and the non-linearity. Concatenated
ReLU (CReLU) splits positive and negative activations into two separate channels rather
than discarding the negative component as in the standard ReLU.

Specifically, the data was made zero mean and whitened, augmented with horizontal flips

(with a 0.5 probability) and random cropping. No weight decay was used, but we used a

dropout rate of 0.3 before every convolution layer except for the first. For these experiments

we consider a single forward pass (no unrolling).

3.4.1 Classification

We compare our proposed EB-SSC model to that of [61], which uses rectified linear units

(ReLU) as its non-linearity. This model can be viewed as a basic feed-forward version of

our proposed model which we take as a baseline. We also consider variants of the baseline

model that utilize a subset of architectural features of our proposed model (e.g., concatenated

rectified linear units (CReLU) and spherical normalization (SN)) to understand how subtle

design changes of the network architecture affects performance.

We describe the model architecture in terms of the feature extractor and classifier. Ta-

ble 3.1 shows the overall network architecture of feature extractors, which consist of seven
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convolution blocks and two pooling layers. We test two possible classifiers: a simple linear

classifier (LC) and our energy-based classifier (EBC), and use softmax-loss for all models.

For linear classifiers, a numerical subscript indicates which of the seven conv blocks of the

feature extractor is used for classification (e.g., LC7 indicates the activations out of the last

conv block is fed into the linear classifier). For energy-based classifiers, a numerical subscript

indicates which conv blocks of the feature extractor are replace with a energy-based classifier

(e.g., EBC6−7 indicates the activations out of conv5 is fed into the energy-based classifier

and the energy-based classifier has a similar architecture to the conv blocks it replaces). The

notation differs because for energy-based classifiers, the optimal activations are a function

of the hypothesized class label, whereas for linear classifiers, they are not.

Model Train Err. (%) Test Err. (%) # params
ReLU+LC7 1.20 11.40 1.3M
CReLU+LC7 2.09 10.17 2.6M
CReLU(SN)+LC7 0.99 9.74 2.6M
SSC+LC7 0.99 9.77 2.6M
SSC+EBC6−7 0.21 9.23 3.2M

Table 3.2: Comparison of the baseline ReLU+LC7 model, its derivative models, and our
proposed model on CIFAR-10.

The results shown in Table 3.2 compare our proposed model to the baselines ReLU+LC7 [61]

and CReLU+LC7 [58], and to intermediate variants. The baseline models all perform very

similarly with some small reductions in error rates over the baseline CReLU+LC7. However,

CReLU+LC7 reduces the error rate over ReLU+LC7 by more than one percent (from 11.40%

to 10.17%), which confirms the claims by [58] and demonstrates the benefits of splitting

positive and negative activations. Likewise, we see further decrease in the error rate (to

9.74%) from using spherical normalization. Though normalizing the activations doesn’t

add any capacity to the model, this improved performance is likely because scale-invariant

activations makes training easier. On the other hand, further sparsifying the activations

yielded no benefit. We tested values β = {0.001, 0.01} and found 0.001 to perform better.

Replacing the linear classifier with our energy-based classifier further decreases the error rate
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by another half percent (to 9.23%).

3.4.2 Decoding Class-Specific Codes

A unique aspect of our model is that it is generative in the sense that each layer is ex-

plicitly trying to encode the activation pattern in the prior layer. Similar to the work on

deconvolutional networks built on least-squares sparse coding [74], we can synthesize input

images from activations in our spherical coding network by performing repeated deconvolu-

tions (transposed convolutions) back through the network. Since our model is energy based,

we can further examine how the top-down information of a hypothesized class effects the

intermediate activations.

Figure 3.4: The reconstruction of an airplane image from different levels of the network (rows)
across different hypothesized class labels (columns). The first column is pure reconstruction,
i.e., unbiased by a hypothesized class label, the remaining columns show reconstructions
of the learned class bias at each layer for one of ten possible CIFAR-10 class labels. (Best
viewed in color.)
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The first column in Fig. 3.4 visualizes reconstructions of a given input image based on

activations from different layers of the model by convolution transpose. In this case we put

in zeros for class biases (i.e., no top-down) and are able to recover high fidelity reconstructions

of the input. In the remaining columns, we use the same deconvolution pass to construct

input space representations of the learned classifier biases. At low levels of the feature

hierarchy, these biases are spatially smooth since the receptive fields are small and there is

little spatial invariance capture in the activations. At higher levels these class-conditional

bias fields become more tightly localized.

Finally, in Fig. 3.5 we shows decodings from the conv2 and conv5 layer of the EB-SSC model

for a given input under different class hypotheses. Here we subtract out the contribution of

the top-down bias term in order to isolate the effect of the class conditioning on the encoding

of input features. As visible in the figure, the modulation of the activations focused around

particular regions of the image and the differences across class hypotheses becomes more

pronounced at higher layers of the network.

(a) conv2 (b) conv5

Figure 3.5: Visualizing the reconstruction of different input images (rows) for each of 10
different class hypotheses (cols) from the 2nd and 5th block activations for a model trained
on MNIST digit classification.
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3.5 Conclusion

We presented an energy-based sparse coding method that efficiently combines cosine simi-

larity, convolutional sparse coding, and linear classification. Our model shows a clear math-

ematical connection between the activation functions used in CNNs to introduce sparsity

and our cosine similarity convolutional sparse coding formulation. Our proposed model out-

performs the baseline model and we show which attributes of our model contributes most

to the increase in performance. We also demonstrate that our proposed model provides an

interesting framework to probe the effects of class-specific coding.
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Chapter 4

Cross-Domain Image Matching with

Deep Features

In Chapters 2 & 3 we focused on learning features for specific data and tasks. We now

shift our focus to learning methods that utilize the information already captured in existing

features. In this chapter, we show features extracted from pretrained convolutional neural

networks can be effective for other tasks when the task-specific function (even with no learned

parameters) is sensibly chosen. The features are surprisingly effective considering these

models were trained for tasks and on data completely different from our own.

4.1 Introduction

We investigate the problem of automatically determining what type (brand/model/size) of

shoe left an impression found at a crime scene. In the forensic footwear examination literature

[2], this fine-grained category-level recognition problem is known as determining the class

characteristics of a tread impression. This is distinct from the instance-level recognition
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problem of matching acquired characteristics such as cuts or scratches which can provide

stronger evidence that a specific shoe left a specific mark.

Analysis of shoe tread impressions is made difficult by the variability in types of crime scene

evidence (ranging from traces of dust or oil on hard surfaces to impressions made in soil)

and the lack of comprehensive datasets of shoe outsole tread patterns (see Fig. 4.1). Solving

this problem requires developing models that can handle cross-domain matching of tread

features between photos of clean test impressions (or images of shoe outsoles) and photos of

crime scene evidence. We face the additional challenge that we would like to use extracted

image features for matching a given crime scene impression to a large, open-ended database

of exemplar tread patterns.

Figure 4.1: We would like to match crime scene prints to a database of test impressions
despite significant cross-domain differences in appearance. We utilize a Siamese network
to perform matching using a multi-channel normalized cross correlation. We find that per-
exemplar, per-channel normalization of CNN feature maps significantly improves matching
performance. Here U and V are the linear projection parameters for laboratory test impres-
sion and crime scene photo domains respectively. W is the per-channel importance weights.
And x and y are the projected features of each domain used for matching.

Cross-domain image matching arises in a variety of other application domains beyond our

specific scenario of forensic shoeprint matching. For example, matching aerial photos to

GIS map data for location discovery [57, 7, 10], image retrieval from hand drawn sketches

and paintings [5, 60], and matching images to 3D models [56]. As with shoeprint matching,
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many of these applications often lack large datasets of ground-truth examples of cross-domain

matches. This lack of training data makes it difficult to learn cross-domain matching metrics

directly from raw pixel data. Instead traditional approaches have focused on designing

feature extractors for each domain which yield domain invariant descriptions (e.g., locations

of edges) which can then be directly compared.

Deep convolutional neural net (CNN) features hierarchies have proven incredibly effective

at a wide range of recognition tasks. Generic feature extractors trained for general-purpose

image categorization often perform surprising well for novel categorization tasks without

performing any fine-tuning beyond training a linear classifier [59]. This is often explained

by appealing to the notion that these learned representations extract image features with

invariances that are, in some sense, generic. We might hope that these same invariances

would prove useful in our setting (e.g., encoding the shape of a tread element in a way

that is insensitive to shading, contrast reversals, etc.). However, our problem differs in that

we need to formulate a cross-domain similarity metric rather than simply training a k-way

classifier.

Building on our previous work [33], we tackle this problem using similarity measures that

are derived from normalized cross-correlation (NCC), a classic approach for matching gray-

scale templates. For CNN feature maps, it is necessary to extend this to handle multiple

channels. Our contribution is to propose a multi-channel variant of NCC which performs

normalization on a per-channel basis (rather than, e.g., per-feature volume). We find this

performs substantially better than related similarity measures such as the widely used cosine

distance. We explain this finding in terms of the statistics of CNN feature maps. Finally,

we use this multi-channel NCC as a building block for a Siamese network model which can

be trained end-to-end to optimize matching performance.
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4.2 Related Work

Shoeprint recognition The widespread success of automatic fingerprint identification

systems (AFIS) [41] has inspired many attempts to similarly automate shoeprint recogni-

tion. Much initial work in this area focused on developing feature sets that are rotation and

translation invariant. Examples include, phase only correlation [20], edge histogram DFT

magnitudes [75], power spectral densities [9, 8], and the Fourier-Mellin transform [20]. Some

other approaches pre-align the query and database image using the Radon transform [49]

while still others sidestep global alignment entirely by computing only relative features be-

tween keypoints pairs [62, 50]. Finally, alignment can be implicitly computed by matching

rotationally invariant keypoint descriptors between the query and database images [50, 65].

The recent study of Richetelli et al. [54] carries out a comprehensive evaluation of many

of these approaches in a variety of scenarios using a carefully constructed dataset of crime

scene-like impressions. In contrast to these previous works, we handle global invariance by

explicitly matching templates using dense search over translations and rotations.

One-shot learning While we must match our crime scene evidence against a large database

of candidate shoes, our database contains very few examples per-class. As such, we must

learn to recognize each shoe category with as little as one training example. This can be

framed as a one-shot learning problem [42]. Prior work has explored one-shot object recog-

nition with only a single training example, or “exemplar” [44]. Specifically in the domain

of shoeprints, Kortylewski et al. [36] fit a compositional active basis model to an exemplar

which could then be evaluated against other images. Alternatively, standardized or whitened

off-the-shelf HOG features have proven very effective for exemplar recognition [21]. Our ap-

proach is similar in that we examine the performance of one-shot recognition using generic

deep features which have proven surprisingly robust for a huge range of recognition tasks [59].
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Similarity metric learning While off-the-shelf deep features work well [59], they can be

often be fine tuned to improve performance on specific tasks. In particular, for a paired

comparison tasks, so-called “Siamese” architectures integrate feature extraction and com-

parison in a single differentiable model that can be optimized end-to-end. Past work has

demonstrated that Siamese networks learn good features for person re-identification, face

recognition, and stereo matching [73, 48, 67]; deep pseudo-Siamese architectures can even

learn to embed two dissimilar domains into a common co-domain [72]. For shoe class recog-

nition, we similarly learn to embed two types of images: (1) crime scene photos and (2)

laboratory test impressions.

4.3 Multi-variate Cross Correlation

In order to compare two corresponding image patches, we extend the approach of normalized

cross-correlation (often used for matching gray-scale images) to work with multi-channel

CNN features. Interestingly, there is not an immediately obvious extension of NCC to

multiple channels, as evidenced by multiple approaches proposed in the literature [14, 46,

16, 51]. To motivate our approach, we appeal to a statistical perspective.

Normalized correlation Let x, y be two scalar random variables. A standard measure

of correlation between two variables is given by their Pearson’s correlation coefficient [46]:

ρ(x, y) = E[x̃ỹ] =
σxy√

σxx
√
σyy

, (4.1)

where

x̃ =
x− µx√
σxx
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is the standardized version of x (similarly for y) and

µx = E[x], σxx = E[(x− µx)2], σxy = E[(x− µx)(y − µy)].

Intuitively, the above corresponds to the correlation between two transformed random vari-

ables that are “whitened” to have zero-mean and unit variance. The normalization ensures

that correlation coefficient will lie between −1 and +1.

Normalized cross-correlation Let us model pixels x from an image patchX as corrupted

by some i.i.d. noise process and similarly pixels another patch Y (of identical size) as y. The

sample estimate of the Pearson’s coefficient for variables x, y is equivalent to the normalized

cross-correlation (NCC) between patches X, Y :

NCC(X, Y ) =
1

|P |
∑
i∈P

(x[i]− µx)√
σxx

(y[i]− µy)√
σyy

, (4.2)

where P refers to the set of pixel positions in a patch and means and standard deviations

are replaced by their sample estimates.

From the perspective of detection theory, normalization is motivated by the need to compare

correlation coefficients across different pairs of samples with non-stationary statistics (e.g.,

determining which patches {Y 1, Y 2, . . .} are the same as a given template patch X where

statistics vary from one Y to the next). Estimating first and second-order statistics per-

patch provides a convenient way to handle sources of “noise” that are approximately i.i.d.

conditioned on the choice of patch P but not independent of patch location.

Multivariate extension Let us extend the above formulation for random vectors x,y ∈

RN where N corresponds to the multiple channels of values at each pixel (e.g., N = 3 for

a RGB image). The scalar correlation is now replaced by a N × N correlation matrix. To
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produce a final score capturing the overall correlation, we propose to use the trace of this

matrix, which is equivalent to the sum of its eigenvalues. As before, we add invariance by

computing correlations on transformed variables x̃, ỹ that are “whitened” to have a zero-

mean and identity covariance matrix:

ρmulti(x,y) =
1

N
Tr(E[x̃ỹT ]) =

1

N
Tr(Σ

− 1
2

xx ΣxyΣ
− 1

2
yy )

where:

x̃ = Σ
− 1

2
xx (x− µx), Σxx = E[(x− µx)(x− µx)T ], Σxy = E[(x− µx)(y − µy)T ].

(4.3)

The above multivariate generalization of the Pearson’s coefficient is arguably rather natural,

and indeed, is similar to previous formulations that also make use of a trace operator on a

correlation matrix [46, 51]. However, one crucial distinction from such past work is that our

generalization (4.3) reduces to (4.1) for N = 1. In particular, [46, 51] propose multivariate

extensions that are restricted to return a nonnegative coefficient. It is straightforward to

show that our multivariate coefficient will lie between −1 and +1.

Decorrelated channel statistics The above formulation can be computationally cum-

bersome for large N , since it requires obtaining sample estimates of matrices of size N2.

Suppose we make the strong assumption that all N channels are uncorrelated with each

other. This greatly simplifies the above expression, since the covariance matrices are then

diagonal matrices:

Σxy = diag({σxcyc}), Σxx = diag({σxcxc}), Σyy = diag({σycyc}).
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Figure 4.2: Distribution of patch channel means: For each query image (patch) we
match against the database, our proposed MCNCC similarity measure normalizes ResNet-
50 ‘res2x’ feature channels by their individual mean and standard deviation. For uniformly
sampled patches, we denote the normalizing mean for channel c using the random variable
µc. For each channel, we plot the standard deviation of µc above with channels sorted by
increasing standard deviation. When the mean response for a channel varies little from one
patch to the next (small std, left), we can expect that a global, per-dataset transformation
(e.g., PCA or CCA whitening) is sufficient to normalize the channel response. However, for
channels where individual patches in the dataset have very different channel means (large
std, right), normalizing by the local (per-patch) statistics provides additional invariance.

Plugging this assumption into (4.3) yields the simplified expression for multivariate correla-

tion

ρmulti(x,y) =
1

N

N∑
c=1

σxcyc√
σxcxc

√
σycyc

(4.4)

where the diagonal multivariate statistic is simply the average of N per-channel correlation

coefficients. It is easy to see that this sum must lie between −1 and +1.
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Figure 4.3: Normalizing channel statistics: As shown in the histograms of Fig. 4.2,
for some feature channels, patches have wildly different means and standard deviations. For
channel 14 (left), the statistics (and hence normalization) are similar from one patch to the
next while for channel 256 (right), means and standard deviations vary substantially across
patches. CNN channel activations are positive so means and standard deviations are strongly
correlated.

Multi-channel NCC The sample estimate of (4.4) yields a multi-channel extension of

NCC which is adapted to the patch:

MCNCC(X, Y ) =
1

N |P |

N∑
c=1

∑
i∈P

(xc[i]− µxc)√
σxcxc

(yc[i]− µyc)√
σycyc

The above multi-channel extension is similar to the final formulation in [14], but is derived

from a statistical assumption on the channel correlation.

Cross-domain covariates and whitening Assuming a diagonal covariance makes strong

assumptions about cross-channel correlations. When strong cross-correlations exist, an al-

ternative approach to reducing computational complexity is to assume that cross-channel

correlations lie within a K dimensional subspace, where K ≤ N . We can learn a projec-

tion matrix for reducing the dimensionality of features from both patch X and Y which
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decorrelates and scales the channels to have unit variance:

x̂ = U(x− µx), U ∈ RK×N , E[x̂x̂T ] = I

ŷ = V (y − µy), V ∈ RK×N , E[ŷŷT ] = I.

In general, the projection matrix could be different for different domains (in our case, crime

scene versus test prints). One strategy for learning the projection matrices is applying prin-

ciple component analysis (PCA) on samples from each domain separately. Alternatively,

when paired training examples are available, one could use canonical correlation analysis

(CCA) [45], which jointly learn the projections that maximize correlation across domains.

An added benefit of using orthogonalizing transformations such as PCA/CCA is that trans-

formed data satisfies the diagonal assumptions (globally) allowing us to estimate patch mul-

tivariate correlations in this projected space with diagonalized covariance matrices of size

K ×K.

Global versus local whitening There are two distinct aspects to whitening (or normal-

izing) variables in our problem setup to be determined: (1) assumptions on the structure

of the sample mean and covariance matrix, and (2) the data over which the sample mean

and covariance are estimated. In choosing the structure, one could enforce an unrestricted

covariance matrix, a low-rank covariance matrix (e.g., PCA), or a diagonal covariance ma-

trix (e.g., estimating scalar means and variances). In choosing the data, one could estimate

these parameters over individual patches (local whitening) or over the entire dataset (global

whitening). In Section 4.5, we empirically explore various combinations of these design

choices which are computationally feasible (e.g., estimating a full-rank covariance matrix

locally for each patch would be too expensive). We find a good tradeoff to be global whiten-

ing (to decorrelate features globally), followed by local whitening with a diagonal covariance

assumption (e.g., MCNCC).
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To understand the value of global and per-patch normalization, we examine the statistics of

CNN feature channels across samples of our dataset. Fig. 4.2 and Fig. 4.3 illustrate how the

per-channel normalizing statistics (µc, σc) vary across patches and across channels. Notably,

for some channels, the normalizing statistics change substantially from patch to patch. This

makes the results of performing local, per-patch normalization significantly different from

global, per-dataset normalization.

One common effect of both global and local whitening is to prevent feature channels that

tend to have large means and variances from dominating the correlation score. However, by

the same merit this can have the undesirable effect of amplifying the influence of low-variance

channels which may not be discriminative for matching. In the next section we generalize

both PCA and CCA using a learning framework which can learn channel decorrelation and

per-channel importance weighting by optimizing a discriminative performance objective.

4.4 Learning Correlation Similarity Measures

In order to allow for additional flexibility of weighting the relevance of each channel we

consider a channel-weighted variant of MCNCC parameterized by vector W :

MCNCCW (X, Y ) =
N∑
c=1

Wc

[
1

|P |
∑
i∈P

(xc[i]− µxc)√
σxcxc

(yc[i]− µyc)√
σycyc

]
. (4.5)

This per-channel weighting can undo the effect of scaling by the standard deviation in order

to re-weight channels by their informativeness. Furthermore, since the features x, y are

themselves produced by a CNN model, we can consider the parameters of that model as

additional candidates for optimization. In this view, PCA/CCA can be seen as adding an

extra linear network layer prior to the correlation calculation. The parameters of such a

layer can be initialized using PCA/CCA and then discriminatively tuned. The resulting
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“Siamese” architecture is illustrated in Fig. 4.1.

Siamese loss: To train the model, we minimize a hinge-loss:

arg min
W,U,V,b

α

2
‖W‖2

2 +
β

2

(
‖U‖2

F + ‖V ‖2
F

)
(4.6)

+
∑
s,t

max
(
0, 1− zs,t MCNCCW (φU(Xs), φV (Y t)) + b

)
where we have made explicit the function φ which computes the deep features of two

shoeprints Xs and Y t, with W , U , and V representing the parameters for the per-channel

importance weighting and the linear projections for the two domains respectively. b is the

bias and zs,t is a binary same-source label (i.e., +1 when Xs and Y t come from the same

source and −1 otherwise). Finally, α is the regularization hyperparameter for W and β is

the same for U and V .

We implement φ using a deep architecture, which is trainable using standard backpropaga-

tion. Each channel contributes a term to the MCNCC which itself is just a single channel

(NCC) term. The operation is symmetric in X and Y , and the gradient can be computed

efficiently by reusing the NCC computation from the forward pass:

d NCC(xc, yc)

d xc[j]
=

1

|P |√σxcxc
(ỹc[j] + x̃c[j] NCC(xc, yc)). (4.7)

Derivation of NCC gradient: To derive the NCC gradient, we first expand it as a sum

over individual pixels indexed by i and consider the total derivative with respect to input

feature x[j]:

d NCC(x, y)

d x[j]
=

1

|P |
∑
i∈P

ỹ[i]

(
∂x̃[i]

∂x[j]
+
∂x̃[i]

∂µx

∂µx
∂x[j]

+
∂x̃[i]

∂σxx

∂σxx
∂x[j]

)
(4.8)
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Figure 4.4: Comparing MCNCC to baselines for image retrieval within the same domain.
The methods are denoted by two operations in square brackets: centering and normalization,
respectively. µ and σ denote computing the statistics across all channels, µc and σc denote
computing per-channel statistics, and · denotes the absence of the operation (e.g., MCNCC
is denoted as [µc, σc], whereas cross-correlation is denoted as [·, ·]. Finally, µ̄c and σ̄c denote
computing the average per-channel statistics across the dataset. The left panel shows the
performance on the raw features, whereas the right panel compares globally whitened features
using PCA (solid lines) against their corresponding raw features (dotted lines). (Best viewed
in color.)

, where we have have dropped the channel subscript for clarity. The partial derivative

∂x̃[i]
∂x[j]

= 1√
σxx

, if and only if i = j and is zero otherwise. The remaining partials derive as

follows:

∂x̃[i]

∂µx
= − 1
√
σxx

∂µx
∂x[j]

=
1

|P |
∂x̃[i]

∂σxx
=

1

2σ
3/2
xx

(x[i]− µx)
∂σxx
∂x[j]

=
2 (x[j]− µx)
|P |

.
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Substituting them into Eq. 4.8, we arrive at a final expression:

d NCC(x, y)

d x[j]
=

ỹ[j]

|P |√σxx
+

1

|P |
∑
i∈P

ỹ[i]

(
−1

|P |√σxx
+

2 (x[i]− µx) (x[j]− µx)
2|P |σ3/2

xx

)

=
1

|P |√σxx

(
ỹ[j] +

1

|P |
∑
i∈P

ỹ[i]

(
−1 +

(x[i]− µx) (x[j]− µx)
σxx

))

=
1

|P |√σxx

(
ỹ[j]− 1

|P |
∑
i∈P

ỹ[i] +
1

|P |
∑
i∈P

ỹ[i]x̃[i]x̃[j]

)

=
1

|P |√σxx
(ỹ[j] + x̃[j] NCC(x, y)), (4.9)

where we have made use of the fact that ỹ is zero-mean.

4.5 Diagnostic Experiments

To understand the effects of feature channel normalization on retrieval performance, we

compare the proposed MCNCC measure to two baseline approaches: simple unnormalized

cross-correlation and cross-correlation normalized by a single µ and σ estimated over the

whole 3D feature volume. We note that the latter is closely related to the “cosine similarity”

which is popular in many retrieval applications (cosine similarity scales by σ but does not

subtract µ). We also consider variants which only perform partial standardization and/or

whitening of the input features.

Partial print matching: We evaluate these methods in a setup that mimics the occur-

rence of partial occlusions in shoeprint matching, but focus on a single modality of test

impressions. We extract 512 query patches (random selected 97 × 97 pixel sub-windows)

from test impressions that have two or more matching tread patterns in the database. The

task is then to retrieve from the database the set of relevant prints. As the query patches

are smaller than the test impressions, we search over spatial translations (with a stride of 1),
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Figure 4.5: Comparing MCNCC with uniform weights (denoted as [µc, σc]), learned per-
channel weights (denoted as [µc, σc·Wc]), learned linear projections (denoted as CCA [µc, σc]),
piece-wise learned projection and per-channel weights (denoted as CCA [µc, σc ·Wc]), and
jointly learned projection and per-channel weights (denoted as CCA [µc, σc · Wc] ft) for
retrieving relevant shoeprint test impressions for crime scene prints. The left panel shows
our five methods on the Israeli dataset. The right panel compares variants of our proposed
system against the current state-of-the-art, as published in: ACCV14 [35], BMVC16 [36]
and LoG16 [34] using cumulative match characteristic (CMC).

using the maximizing correlation value to score the match to the test impression. We do not

need to search over rotations as all test impressions were aligned to a canonical orientation.

When querying the database, the original shoeprint the query was extracted from is removed

(i.e., the results do not include the self-match).

We carry out these experiments using a dataset that contains 387 test impression of shoes

and 137 crime scene prints collected by the Israel National Police [71]. As this dataset

is not publicly available, we used this dataset primarily for the diagnostic analysis and

for training and validating learned models. In these diagnostic experiments, except where

noted otherwise, we use the 256-channel ‘res2bx’ activations from a pre-trained ResNet-50

model1. We evaluated feature maps at other locations along the network, but found those

to performed the best.

1Pretrained model was obtained from http://www.vlfeat.org/matconvnet/models/

imagenet-resnet-50-dag.mat

54

http://www.vlfeat.org/matconvnet/models/imagenet-resnet-50-dag.mat
http://www.vlfeat.org/matconvnet/models/imagenet-resnet-50-dag.mat


Global versus local normalization: Fig. 4.4 shows retrieval performance in terms of

the tradeoff of precision and recall at different match thresholds. In the legend we denote

different schemes in square brackets, where the first term indicates the centering operation

and the second term indicates the normalization operation. A · indicates the absence of

the operation. µ and σ indicate that standardization was performed using local (i.e., per-

exemplar) statistics of features over the entire (3D) feature map. µc and σc indicate local

per-channel centering and normalization. µ̄c and σ̄c indicate global per-channel centering

and normalization (i.e., statistics are estimated over the whole dataset). Therefore, simple

unnormalized cross-correlation is indicated as [·, ·], cosine distance is indicated as [µ, σ], and

our proposed MCNCC measure is indicated as [µc, σc].

We can clearly see from the left panel of Fig. 4.4 that using per-channel statistics esti-

mated independently for each comparison gives substantial gains over the baseline methods.

Centering using 3D (across-channel) statistics is better than either centering using global

statistics or just straight correlation. But cosine distance (which adds the scaling operation)

decreases performance substantially for the low recall region. In general, removing the mean

response is far more important than scaling by the standard deviation. Interestingly, in the

case of cosine distance and global channel normalization, scaling by the standard deviation

actually hurts performance (i.e., [µ, σ] versus [µ, ·] and [µ̄c, σ̄c] versus [µ̄c, ·] respectively). As

normalization re-weights channels, we posit that this may be negatively effecting the scores

by down-weighing important signals or boosting noisy signals.

Channel decorrelation: Recall that, for efficiency reasons, our multivariate estimate of

correlation assumes that channels are largely decorrelated. We also explored decorrelating

the channels globally using a full-dimension PCA (which also subtracts out the global mean

µ̄c). The right panel of Fig. 4.4 shows a comparison of these decorrelated feature channels

(solid curves) relative to baseline ResNet channels (dotted curves). While the decorrelated

55



features outperform baseline correlation (due to the mean subtraction) we found that full

MCNCC on the raw features performed better than on globally decorrelated features. This

may be explained in part due to the fact that decorrelated features show an even wider range

of variation across different channels which may exacerbate some of the negative effects of

scaling by σc.

Other feature extractors: To see if this behavior is specific to the ResNet-50 model, we

evaluate on three additional features: raw pixels, GoogleNet, and DeepVGG-16. From the

GoogleNet model2 we used the 192-channel ‘conv2x’ activations, and from the DeepVGG-16

model3 we used the 256-channel ‘x12’ activations. We chose these particular CNN feature

maps because they had the same or similar spatial resolution as ‘res2bx’ and were the im-

mediate output of a rectified linear unit layer.

As shown in Table 4.1, we see a similar pattern to what we observed with ResNet-50’s

‘res2bx’ features. Namely, that straight cross-correlation (denoted as [·, ·]) performs poorly,

while MCNCC (denoted as [µc, σc]) performs the best. One significant departure from the

previous results for ‘res2bx’ features is how models using entire feature volume statistics

perform. Centering using 3D statistics (denoted as [µ, ·]) yields performance that is closer

to straight correlation, on the other hand, standardizing using 3D statistics (denoted as

[µ, σ]) yields performance that is closer to MCNCC when using GoogleNet’s ‘conv2x’ and

DeepVGG-16’s ‘x12’ features.

When we look at the difference between the per-channel and the across-channel (3D) statis-

tics for query patches, we observe significant difference in sparsity of µc compared to µ:

‘conv2x’ is about 2x more sparse than ‘x12,’ which itself is about 2x more sparse than

‘res2bx.’ The level of sparsity correlates with the performance of [µ, ·] compared to straight

2Pretrained model was obtained from http://www.vlfeat.org/matconvnet/models/

imagenet-googlenet-dag.mat
3Pretrained model was obtained from http://www.vlfeat.org/matconvnet/models/

imagenet-vgg-verydeep-16.mat
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Features [·, ·] [µ, ·] [µ, σ] [µc, ·] [µc, σc]
Raw Pixels 0.04 0.20 0.45 - -

ResNet-50 (res2bx) 0.15 0.44 0.32 0.55 0.77
GoogleNet (conv2x) 0.07 0.09 0.68 0.61 0.81
DeepVGG-16 (x20) 0.09 0.31 0.73 0.51 0.76

Table 4.1: Ablation study on the two normalized cross-correlation schemes across different
features. We measure performance using mean average precision, higher is better. As the
images are gray-scale single-channel images, for raw pixels [µ, ·] and [µ, σ] are identical to
[µc, ·] and [µc, σc], respectively.

correlation across the different features. The features where µc is more sparse, using µ over-

shifts across more channels leading to less performance gain relative to straight correlation.

When we look at the difference between σ and σc, we observe that σ is on average larger than

σc. This means that compared to σc, using σ dampens the effect of noisy channels rather

than boosting them. Looking at the change of performance from [µ, ·] to [µ, σ] for different

features, we similarly see improvement roughly correlates to how much larger σ is than σc.

4.6 Cross-Domain Matching Experiments

In this section, we evaluate our proposed system in settings that closely resembles various

real-world scenarios where query images are matched to a database containing images from

a different domain than that of the query. We focus primarily on matching crime scene

prints to a collection of test impressions, but also demonstrate the effectiveness of MCNCC

on two other cross-domain applications: semantic segmentation label retrieval from building

facade images, and map retrieval from aerial photos.4 As in our diagnostic experiments, we

use the same pre-trained ResNet-50 model. We use the 256-channel ‘res2bx’ activations for

the shoeprint and building facade data, but found that the 1024-channel ‘res4cx’ activations

performed better for the map retrieval task.

4Our code is available at http://github.com/bkong/MCNCC
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Figure 4.6: FID-300 retrieval results. The left column shows the query crime scene prints,
the middle column shows the top-8 results for [µc, σc], and the right column shows the top-
8 results for CCA [µc, σc ·Wc]. Green boxes indicate the corresponding ground truth test
impression.

4.6.1 Shoeprint Retrieval

In addition to the internal dataset described in Section 4.5, we also evaluated our approach

on a publicly available benchmark, the footwear identification dataset (FID-300) [35]. FID-

300 contains 1175 test impressions and 300 crime scene prints. The task here is similar

to the diagnostic experiments on patches, but now matching whole prints across domains.

As the crime scene prints are not aligned to a canonical orientation, we search over both

translations (with a stride of 2) and rotations (from -20◦ to +20◦ with a stride of 4◦). For a

given alignment, we compute the valid support region P where the two images overlap. The

local statistics and correlation is only computed within this region.

As mentioned in Sec. 4.4, we can learn both the linear projections of the features and the

importance of each channel for the retrieval task. We demonstrate that such learning is

feasible and can significantly improve performance. We use a 50/50 split of the crime scene

prints of the Israeli dataset for training and testing, and determine hyperparameters settings
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using 10-fold cross-validation. In the left panel of Fig. 4.5 we compare the performance

of three different models with varying degrees of learning. The model with no learning is

denoted as [µc, σc], with learned per-channel weights is denoted as [µc, σc ·Wc], with learned

projections is denoted as CCA [µc, σc], and with piece-wise learned linear projections and

per-channel weights is denoted as CCA [µc, σc ·Wc]. Our final model, CCA [µc, σc ·Wc] ft,

jointly fine-tunes the linear projections and the per-channel weights together. The model

with learned per-channel importance weights has 257 parameters (a scalar for each channel

and a single bias term), and was learned using a support vector machine solver with a

regularization value of α = 100. The linear projections (CCA) were learned using canoncorr,

MATLAB’s canonical correlation analysis function. Our final model, CCA [µc, σc ·Wc] ft,

was fine-tuned using gradient descent with an L2 regularization value of α = 100 on the

per-channel importance weights and β = 1 on the linear projections. This full model has

131K parameters (2× 2562 projections, 256 channel importance, and 1 bias).

As seen in the left panel of Fig. 4.5, learning per-channel importance weights, [µc, σc ·Wc],

yields substantial improvements, outperforming [µc, σc] and CCA [µc, σc] when recall is less

than 0.34. When learning both importance weights and linear projections, we see gains

across all recall values as our Siamese network significantly outperforms all other models.

However, we observe only marginal gains when fine-tuning the whole model. We expect

this is due in part to the small amount of training data which makes it difficult to optimize

parameters without overfitting.

We subsequently tested these same models (without any retraining) on the FID-300 bench-

mark (shown in the right panel of Fig. 4.5). In this, and in later experiments, we use

cumulative match characteristic (CMC) which plots the percentage of correct matches (re-

call) as a function of the number of database items reviewed. This is more suitable for

performance evaluation than other information retrieval metrics such as precision-recall or

precision-at-k since there is only a single correct matching database item for each query.
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CMC is easily interpreted in terms of the actually use-case scenario (i.e., how much effort a

forensic investigator must expend in verifying putative matches to achieve a given level of

recall).

On FID-300, we observe the same trend as on the Israeli dataset — models with more

learned parameters perform better. However, even without learning (i.e., [µc, σc]) MCNCC

significantly outperforms using off-the-shelf CNN features the previously published state-

of-the-art approaches of Kortylewski et al. [35, 36, 34] The percentage of correct matches

at top-1% and top-5% of the database image reviewed for ACCV are 14.67 and 30.67, for

BMVC16 are 21.67 and 47.00, for LoG16 are 59.67 and 73.33, for [µc, σc] are 72.67 and 82.33,

and for CCA [µc, σc] ft are 79.67 and 86.33. In Fig. 4.6, we visualize the top-10 retrieved test

impressions for a subset of crime scene query prints from FID-300. These results correspond

to the CMC curves for [µc, σc] and CCA [µc, σc ·Wc] of the right panel of Fig. 4.5.

Partial occlusion: To analyze the effect of partial occlusion on matching accuracy, we

split the set of crime scene query prints into subsets with varying amounts of occlusion.

For this we use the proxy of pixel area of the cropped crime scene print compared to its

corresponding test impression. The prints were then grouped into 4 categories with roughly

equal numbers of examples: “Full size” prints are those whose pixel-area ratios fall between

[0.875, 1], “3/4 size” between [0.625, 0.875), “half size” between [0.375, 0.625), and “1/4 size”

between [0, 0.375). In Table 4.2 we compare the performance of models [µc, σc], CCA [µc, σc],

and CCA [µc, σc ·Wc]. As expected, the correct match rate generally increases for all models

as the pixel area ratio increases and more discriminative tread features are available, with the

exception of “full size” prints. While “full size” query prints might be expected to include

more relevant features for matching, we have observed that in the benchmark dataset they

are often corrupted by additional “noise” in the form of smearing or distortion of the print

and marks left by overlapping impressions.
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[·, ·] [µc, σc] [·, ·] [µc, σc]

Figure 4.7: Visualizing image regions that have the greatest influence on positive correlation
between image pairs. Each group of images shows, from left to right, the original crime
scene print and test impression being compared, the image regions of the pair that have
the greatest influence on positive correlation score when using raw cross-correlation, and
the image regions of the pair that have greatest influence on positive MCNCC. Each row
shows the same crime scene query aligned with a true matching impression (left) and with
a non-matching test impression (right).

Background clutter: We also examined how performance was affected by the amount of

irrelevant background clutter in the crime scene print. We use the ratio of the pixel area

of the cropped crime scene print over the pixel area of the original crime scene print as a

proxy for the amount of relevant information in a print. Prints with a ratio closer to zero

contain a lot of background, while prints with a ratio closer to one contain little irrelevant

information. We selected 257 query prints with a large amount of background (ratio ≤ 0.5).

When performing matching over these whole images we found that the percentage of correct

top-1% matches dropped from 72.4% to 15.2% and top-10% dropped from 88.3% to 33.5%.

This drop in performance is not surprising given that our matching approach aims to answer

the question of what print is present, rather than detecting where a print appears in an image
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Figure 4.8: Segmentation retrieval for building facades. The left panel compares MCNCC
with learned linear projections and per-channel importance weights (denoted as CCA [µc, σc ·
Wc]) and MCNCC with no learning (denoted as [µc, σc]) to other baseline metrics: Cosine
similarity, Euclidean distance, and NCC using across-channel local statistics (denoted as
[µ, σ]). The right panel shows example retrieval results for CCA [µc, σc · Wc]. The left
column shows the query facade image. Green boxes indicate the corresponding ground truth
segmentation label.

and was not trained to reject background matches. We note that in practical investigative

applications, the quantity of footwear evidence is limited and a forensic examiner would likely

be willing to mark valid regions of query image, limiting the effect of background clutter.

Visualizing image characteristics relevant to positive correlations: To get an intu-

itive understanding of what image features are utilized by MCNCC, we visualize what image

regions have a large influence the positive correlation between paired crime scene prints and

test impressions. For a pair of images, we backpropagate gradients to the image from each

spatial bin in the feature map which has a positive normalized correlation. We then pro-

duce a mask in the image domain marking pixels whose gradient magnitudes are in the top

20th percentile. Fig. 4.7 compares this positive relevance map for regular correlation (inner

product of the raw features) and normalized correlation (inner product of the standardized

features). We can see that with normalized correlation, the image regions selected are simi-

lar for both images despite the domain shift between the query and match. In contrast, the

visualization for regular correlation shows much less coherence across the pair of images and
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Figure 4.9: Retrieval of maps from aerial imagery. The left panel compares MCNCC with no
learning (denoted as [µc, σc]) to other baseline metrics: Cosine similarity, Euclidean distance,
and NCC using across-channel per-exemplar statistics (denoted as [µ, σ]). The right panel
shows retrieval results for [µc, σc]. The left column shows the query aerial photo. Green
boxes indicate the corresponding ground-truth map image.

often attends to uninformative background edges and blank regions.

4.6.2 Segmentation Retrieval for Building Facades

To further demonstrate the robustness of MCNCC for cross domain matching, we consider

the task of retrieving segmentation label maps which match for a given building facade

query image. We use the CMP Facade Database [52] which contains 606 images of facades

from different cities around the world and their corresponding semantic segmentation labels.

These labels can be viewed as a simplified “cartoon image” of the building facade by mapping

each label to a distinct gray level.

In our experiments, we generate 1657 matching pair by resizing the original 606 images (base

+ extended dataset) to either 512× 1536 or 1536× 512 depending on their aspect ratio and

crop out non-overlapping 512 × 512 patches. We prune this set by removing 161 patches

which contain more than 50% background pixels to get our final dataset. Examples from

this dataset can be seen in the right panel of Fig. 4.8. In order treat the segmentation label
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all prints full size 3/4 size half size 1/4 size
# prints 300 88 78 71 63

Top-1%
[µc, σc] 72.7 78.4 82.1 71.8 53.0

CCA [µc, σc] 76.8 83.0 85.9 73.2 60.3
CCA [µc, σc ·Wc] 79.0 84.1 85.9 78.9 63.5

Top-10%
[µc, σc] 87.7 87.5 92.3 85.9 84.1

CCA [µc, σc] 88.7 93.2 91.0 87.3 81.0
CCA [µc, σc ·Wc] 89.3 93.2 91.0 91.6 79.4

Table 4.2: Occlusion study on FID-300. The crime scene query prints are binned by looking
at the ratio of query pixel area to the pixel area of the corresponding ground-truth test
impression. Performance is measured as the percentage of correct matches retrieved (higher
is better).

map as an image suitable for the pre-trained feature extractor, we scale the segmentation

labels to span the whole range of gray values (i.e., from [1− 12] to [0− 255]).

We compare MCNCC (denoted in the legend as [µc, σc]) to three baseline similarity met-

rics: Cosine, Euclidean distance, and normalized cross-correlation using across-channel local

statistics (denoted as [µ, σ]). We can see in the left panel of Fig. 4.8 that MCNCC performs

significantly better than the baselines. MCNCC returns the true matching label map as the

top scoring match in 39.2% of queries. In corresponding top match accuracy for normalized

cross-correlation using across-channel local statistics is 25.2%, for Cosine similarity is 18.3%,

and for Euclidean distance is 6.0%. When learning parameters with MCNCC (denoted as

CCA [µc, σc ·Wc]), using a 50/50 training-test split, we see significantly better retrieval per-

formance (96.4% for reviewing one database item). The right panel of Fig. 4.8 shows some

example retrieval results for this model.

4.6.3 Retrieval of Maps from Aerial Imagery

Finally, we evaluate matching performance on the problem of retrieving map data corre-

sponding to query aerial photos. We use a dataset released by Isola et al. [24] that contains
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2194 pairs of images scraped from Google Maps. For simplicity in treating this as a re-

trieval task, we excluded map tiles which consisted entirely of water. Both aerial photos

and map images were converted from RGB to gray-scale prior to feature extraction (see

the right panel of Fig. 4.9 for examples). We compare MCNCC to three baseline similarity

metrics: Cosine, Euclidean distance, and normalized cross-correlation using across-channel

local statistics (denoted as [µ, σ]).

The results are shown in the left panel of Fig. 4.9. MCNCC outperforms the baseline Cosine

and Euclidean distance measures, but this time performance of normalized cross-correlation

using local per-exemplar statistics averaged over all channels and Cosine similarity are nearly

identical. For top-1 retrieval performance, MCNCC is correct 98.7% of the time, normalized

cross-correlation using across-channel local statistics and Cosine similarity are correct 95.8%,

and Euclidean distance is correct 28.6% of the time when retrieving only one item. We show

example retrieval results for MCNCC in the right panel of Fig. 4.9. We did not evaluate any

learned models in this experiment since the performance of baseline MCNCC left little room

for improvement.

4.7 Conclusion

In this work, we proposed an extension to normalized cross-correlation suitable for CNN

feature maps that performs normalization of feature responses on a per-channel and per-

exemplar basis. The benefits of performing per-exemplar normalization can be explained in

terms of spatially local whitening which adapts to non-stationary statistics of the input. Rel-

ative to other standard feature normalization schemes (e.g., cosine similarity), per-channel

normalization accommodates variation in statistics of different feature channels.

Utilizing MCNCC in combination with CCA provides a highly effective building block for
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constructing Siamese network models that can be trained in an end-to-end discriminative

learning framework. Our experiments demonstrate that even with very limited amounts of

data, this framework achieves robust cross-domain matching using generic feature extractors

combined with piece-wise training of simple linear feature-transform layers. This approach

yields state-of-the art performance for retrieval of shoe tread patterns matching crime scene

evidence. We expect our findings here will be applicable to a wide variety of single-shot and

exemplar matching tasks using CNN features.
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Chapter 5

Alignment Prediction for Fast Image

Matching

In the previous chapter, we looked at a cross-domain shoeprint matching pipeline that worked

well but was suboptimal—in the sense that it needs to search over possible alignments

(rotations and translations) to maximize the correlation score between a query crime scene

print and a database laboratory test impression. In this chapter, we address this issue by

leveraging the fact that tread patterns from the same make/model shoe are largely uniform

in appearance and that they are rigid in shape, in order to learn a model that can predict

the optimal alignment directly without performing search.

5.1 Introduction

Object misalignment is a common problem in image matching. Even for rigid objects, like

shoes, their appearance from one image to another can change depending on how the object is

captured (e.g., difference in viewpoint or orientation). One strategy to address misalignment

67



is to explicitly search over a set of transformations to bring the object in different images

into alignment (as seen in Chapter 4). This is optimal in terms of matching, but is resource

intensive and slow. Another strategy is to predict the alignment between two images—which

is the strategy we explore in this work.

For image retrieval, if the optimal alignment of a query to each database item were different

(because items in the database are in various poses), then performing a database search

requires us to predict a separate alignment for each database item—making a search at best

linear time w.r.t.the number of database items. The ideal solution to this problem would be

to align the database into a canonical pose—allowing us to predict a single alignment of the

query to the entire database. We can formally define retrieving the most similar database

item as

S(q) = arg max
d∗∈D

MCNCC(fθ(q),d∗), (5.1)

where q is a query image, D is the database, d∗ is a database item aligned to a canonical

pose, fθ(·) is a function that transforms its input to the canonical pose (alignment predictor),

and MCNCC(·, ·) is the learned similarity metric described in Chapter 4. Transforming an

image to a canonical pose is in the same vein as learning features that are invariant to

geometric transformations [25], however, by operating on the image we can use any existing

feature extractor or similarity metric. Additionally, with the database aligned computing

the similarity a query and a database item using the MCNCC metric is simply the inner

product between (standardized) vectors, which is amenable to acceleration (see e.g., [1, 28]).

A problem with defining a canonical pose across all shoes is that it is ill-defined (see illus-

tration in Fig. 5.1). Instead we propose a middle-ground approach and align the database

to a set of poses, where the size of the set is determined by the number of dissimilar shoe

shapes in the database—which we would choose to be smaller than the number of database
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(a) (b) (c)

(d) Aligning (a) with (b) (e) Aligning (a) with (c) (f) Aligning (a) with (c)

Figure 5.1: Aligning shoes by their shape. The first row shoes the shapes of three different
shoes. The second row shows possible alignments. (a) and (b) are similar in shape, so there
is only a single reasonable alignment (d), while (a) and (c) are dissimilar in shape, so there
are multiple reasonable alignments (e) and (f).

items (e.g., O(log |D|)) in order to get sublinear search. We can then predict the alignment

between the query and a reference pose, and search the database using the set of alignments.

Updating Eq. 5.1 to the proposed idea gives us

S(q) = arg max
d∗∈D

max
r∈R

MCNCC(fθ(q, r),d∗), (5.2)

where we now include r ∈ R ⊂ D a reference image and change fθ(·, ·) to transform its first

input to the pose of its second input.

5.1.1 SHoe Outsole Dataset (UCI-SHOD)

We briefly introduce our new shoe outsole dataset (UCI-SHOD). Our dataset includes shoe

images from six different viewpoints: bottom, top, left, right, front, and back (see Fig. 5.2a

for example images), but we focus on just the bottom images in this work. It also includes

meta-data about shoes: gender (male, female, unisex), brand, product name, and shoe

69



(a) Example images
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(b) Distribution of shoes across categories

category (boat shoe, boots, clogs and mules, flats, heels, loafers, oxfords, sandals, slippers,

sneakers and athletic shoes, and other shoes). We collect this data (on a monthly basis)

by scraping the websites of online shoe retailers: OnlineShoes, 6pm.com, and Zappos.com.

And have thus far we have collected 288K outsole images across 112K different shoes, and

continue to collect about 5K new shoes per month. The average number of outsole images

per shoe is 2.56, with a median of 2.0, and a max of 203. In Fig. 5.2b we show the distribution

of shoes across the shoe categories.

5.2 Transform Parameterization

For simplicity, we consider only the set of transformations that are affine. We param-

eterize this set by composing a transform from the following component transforms: x-

translation, y-translation, scale, rotation angle, shear angle. When given a parameter vector

v = (tx, ty, s, θ, ρ), a transformation matrix A is formed by multiplying component matrices
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in the following fixed order:

A = F (tx, ty, s, θ, ρ)

=


1 0 tx

0 1 ty

0 0 1



s 0 0

0 s 0

0 0 1




cos θ − sin(θ + ρ) 0

sin θ cos(θ + ρ) 0

0 0 1



5.2.1 Alignment Network

We use a spatial transformer network (STN) [25] to predict affine parameters for transforming

a query to align with a reference. STNs were introduced as a way to given neural networks the

ability to spatially transform feature maps—conditioned only on the feature maps—without

any extra training supervision. They are compose of three elements: a localization network

that outputs the parameters of the transformation to be applied to the input, a grid generator

that creates a mapping of the inputs that should be sampled for each output location, and

a sampler that performs interpolation operation. We propose to use a STN as a stand-alone

network that is conditioned on a reference image as described in Eq. 5.2. And while STNs

can be used for more general transformations (e.g., plane projective transformations or thin

plate spline), we constrain the set of transformations to be affine.

5.3 Database Alignment

We approach the problem of aligning an image database of shoes by aligning sets of images

that belong to each shoe. Bringing a set of images into alignment (“congealing”) has been

used in many different applications: building brain atlases [31], boosting face and object

recognition accuracy [23], and removing systematic measurement noise from brain scans [39].
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Figure 5.2: Shoe images from the same class can have different appearances due to other
parts of the shoe being captured in addition to the outsole. The first row shows the original
images, where the side of the shoe and the laces may cause problems when trying to align
using pixels. The second row shows the same images with the extraneous parts masked out,
where alignment using pixels will not be a problem.

We bring congealing to the application of accelerating image retrieval. We use a two stage

process: initially aligning using shape, then aligning using both shape and pixels.

5.3.1 Shapes

Shape is essential for aligning across classes where we expect tread patterns to be different,

but is useful for aligning within classes. The same shoe can appear quite differently across

images due to the acquisition method, which may produce shadows and expose other extra-

neous parts of the shoe in addition to the outsole (see the first row of Fig. 5.2). However,

we can make their appearance more consistent by masking out these parts of the image (as

illustrated in the second row of Fig. 5.2). We might think that using only shape should suffice

in aligning within class images, however, as with aligning using only appearance (pixels) we

expect the shapes to be imperfect—motivating us to do the second round of alignment using

both shape and raw pixels.

72



To generate shape masks, we use a pyramid scene parsing network (PSPNet) [77]. PSPNets

capture both local and global contextual information for image segmentation by building a

feature pyramid that is used to make pixel-level predictions. The levels of the feature pyramid

are computed much like an image pyramid (through a series of filtering and downsampling

operations), but with learned filters. Levels of the pyramid are combined by upsampling

and concatenating each level of the feature pyramid with the original feature map, which is

then used to make pixel-level predictions. We use a PSPNet to make a binary prediction of

outsole versus non-outsole.

5.3.2 Procedure

We now discuss the exact procedure for aligning a set of images (and is summarized in Alg. 2).

We do this in two stages: the first is a coarse alignment using shape and the second is a fine

alignment using shape and raw pixels. The two stages are otherwise identical. We use the

following notations: xj is an image from the set being aligned, S is a shape generator (e.g.,

a pyramid scene parsing network), P is an alignment predictor (e.g., a spatial transformer

network), and E is a feature extractor. In the first stage E(x) = S(x), however, in the

second stage E(x) outputs the concatenation of S(x) and x.

We begin the alignment procedure by choosing a reference image to align the set to, denoted

as x̄. We use the medoid of the set because we want the set of transformations that align

the images to the reference image to be as small as possible, however, a reference can also be

randomly selected from the set. We believe the only poor choice would be to use a reference

that was computed from averaging all the images in the set—the set is not yet aligned and

so the result will likely be a blurred image.

Next we align the set to the reference image using the alignment predictor. There are two

things to note about aligning an image to the reference. Firstly, we use the alignment
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predictor recursively, transforming xj until the predicted alignment vj from P is near the

identity transformation (convergence criteria). Secondly, rather than transform the previous

transformed image, we accumulate the transformations and always transform the original

image—which minimizes artifacts from interpolation and preserves more high-frequency in-

formation.

Finally, from the set of aligned images we determine the class shape mask, used for computing

the similarity between classes, through consensus voting—computing the average shape mask

over the set and determining foreground outsole where more than half the images agree. We

use this voting scheme to determine the class shape as it can help mitigate possible errors

made by shape generator. From the class shape mask we compute the shift to center the

shape to the middle of the image. We add this final transformation to the accumulated

transform Aj to transform xj one last time to get our aligned set.

Figure 5.3: Per-class mean image to show within class alignment quality. Sharper tread
patterns indicate better alignment.
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Algorithm 2 Procedure for Aligning Set of Images

1: Choose reference from set {x1, . . . ,xN} → x̄

2: Compute reference features E(x̄)→ z̄

3: Align set to reference:

4: for j = 1 to N do

5: Aj = F (0, 0, 1, 0, 0)

6: do

7: Apply transformation Aj to xj → x̂j

8: Compute image features E(x̂j)→ ẑj

9: Predict transformation parameters P (ẑj, z̄)→ vj

10: F (vj)Aj → Aj

11: while vj not converged

12: end for

13: Consensus voting for class shape:

14: Initialize s̄

15: for j = 1 to N do

16: Apply transformation Aj to xj → x̂j

17: S(x̂j)→ sj

18: s̄ + 1
N

sj → s̄

19: end for

20: Threshold s̄ ≥ 1
2
→ s̄

21: Global centering by class shape:

22: Compute parameters to center s̄→ vs̄

23: for j = 1 to N do

24: F (vs̄)Aj → A∗j

25: Apply transformation A∗j to xj → x∗j

26: end for
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Training: To align the class images according the procedure discussed in the previous

section we train two models: a shape generator (pyramid scene parsing network described in

Sec. 5.3.1) and an alignment predictor (spatial transformer network described in Sec. 5.2.1).

The shape generator is trained using 999 randomly selected images across all classes, where

the images have been annotated to indicate which pixels are outsole and non-outsole. We

follow the same optimization procedure described in [77] (same loss function and learning

rates).

The alignment predictor is trained using the same set of images used to train the shape

generator using self-matching pairs. For both stages, we train the predictor using self-

matching pairs—a pair with the original image and the transformed version of the image.

The original image is used as the reference and target, while the transformed image is used

as the input. We transform the image by randomly generated parameters: x-translation

between (−0.02 ∗ width, 0.02 ∗ width), y-translation between (−0.1 ∗ height, 0.1 ∗ height),

scale between (0.95, 1.05), rotation degrees between (−10, 10), and skew degrees between

(−1, 1). We train two different models to correspond to the two stages of the alignment

process: shape only and shape with pixels. When training the model for shape only, we

augment the training data by randomly choose between using the ground truth mask and

the mask from the shape generator. When training the model for shape with pixels, we use

only the mask from the shape generator.

5.3.3 Results

While difficult to quantify how well our class alignment procedure performs, it is quite easy to

do qualitatively. Fig. 5.3 shows the mean aligned image of four different classes; We can see

that images in most classes are able to align fairly well, however, there are failure cases like

the bottom-left panel of Fig. 5.3. Upon inspection we see that most low quality alignments
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Figure 5.4: Out-of-plane rotation is the main cause of poor alignment for within class images.
Left panel is the same average image shown in last panel of Fig. 5.3, other panels show original
unaligned images for that class.

are caused by out-of-plane rotation (see Fig. 5.4), which cannot be resolved through an affine

transformation that only supports in-plane rotations.

5.4 Experiments

In this section, we evaluate our alignment predictor in an experimental setting where query

images are held out shoe images from the database. We use a dataset that consists of 26

classes and 1198 whole shoe images (448×292 resolution), which we split the images in each

class 70% for training and 30% for testing. From each image in the test set, we synthesize

4 additional images by cropping the shoe, centering the crop in the middle of the image,

and randomly transformed by scale, rotation, and skew parameters (see “Input” in Fig. 5.5).

Patch sizes (computed as shoe area in the crop over shoe area in the original image) are:

0.333, 0.5, 0.667, and 0.833. With the additional images, the testing set totals to 1245 images

(from 249 unique images).

Training: Similar to the alignment predictor used in Sec. 5.3, we use self-matching pairs

to train the model. The original unaltered image is used as the reference, a cropped version

(to simulate occlusion) of the image can be used as the target, and a version of the target

image where the shoe content is centered in the image and is randomly transformed by scale,

rotation, and skew parameters is used as the input (see Fig. 5.5 for an example). The size
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(a) Input (b) Target (c) Reference

Figure 5.5: Example used for training the alignment predictor. (Black border added for ease
of viewing patch pose in image.)

of the cropped patch follows a uniform distribution from three tenths the size of shoe to the

full shoe. We train the predictor with a loss on the predicted parameters and the inverted

parameters used to transform the target image to the input image. Although training using

a loss on the transformed input image and target image would be just as reasonable, training

on the parameters is more precise and should not hurt performance.

5.4.1 Alignment Prediction

We first look at the accuracy of the parameters when aligning two images from the same

make/model shoe. This is particularly relevant as, recall from Eq. 5.2, we search over a

set of alignments by aligning a query to a set of references as alignment across classes is an

ill-posed problem. In Table 5.1 we show the difference between the predicted parameters and

the ground truth parameters for different size queries in the test set. We can see the error

of each parameter is fairly uniform across the different sizes. The exception is x-translation

(tx) where the error for a patch size of 1.0 is three fifths that of the other sizes; this is

unsurprising as there is much less room to shift the shoe along the x-axis. However, when

considering relative error (Table 5.2), we see for patch size of 1.0 the tx parameter is higher

than the other sizes.

We can also consider how prediction can alleviate the burden of explicit alignment search
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patch size tx (pix) ty (pix) scale rot (deg) skew (deg)
1.0 14± 13 10± 7 0.02± 0.02 3.84± 3.07 0.49± 0.29

0.833 25± 22 10± 8 0.02± 0.02 2.90± 2.70 0.50± 0.29
0.667 25± 22 10± 8 0.02± 0.02 2.82± 2.59 0.51± 0.29
0.5 24± 23 10± 9 0.02± 0.02 2.99± 2.75 0.50± 0.30

0.333 24± 21 10± 9 0.02± 0.02 2.88± 2.69 0.50± 0.30

Table 5.1: Absolute error of predicted parameters.

patch size tx ty scale rot skew
1.0 4.22± 7.05 3.80± 25.59 0.02± 0.02 0.94± 4.19 1.32± 8.79

0.833 2.58± 5.26 4.01± 33.44 0.02± 0.01 1.32± 11.63 1.06± 0.60
0.667 2.61± 5.08 3.75± 43.06 0.02± 0.02 0.97± 6.95 1.46± 10.09
0.5 2.80± 7.38 2.71± 23.36 0.02± 0.02 0.70± 2.59 1.08± 0.95

0.333 2.54± 5.29 3.75± 42.71 0.02± 0.02 0.81± 4.56 1.20± 3.57

Table 5.2: Relative error of predicted parameters.

rather than replace it, by reducing the range of parameter values we need to search. In

Fig. 5.6, we show the before (blue) and after (orange) distributions for translation and

rotation. By using the predictor, we gain the most from rotation, where prior to alignment

we would need to search from −20◦ to 20◦, whereas after alignment we could get away with

−10◦ to 10◦ or even −8◦ to 8◦. We see gains for x and y translations as well, but these are

less significant.
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Figure 5.6: Distribution of translation and rotation parameters needed to transform the
input pose to the ground-truth pose before and after applying the transformation from the
alignment predictor. (Best viewed in color.)
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Figure 5.7: Comparing top-1 match error of query shoes of different sized crops. The query
is searched against the database after being aligned to a fixed number of references chosen
at random from the reference set—if six references are sampled then six versions of the
query is searched against the database. The left panel shows the raw match error, where
markers represent the error when using the ground-truth alignment. The right panel shows
the relative error between prediction and ground-truth.

5.4.2 Matching

We also evaluate how predicting the alignment compares to using the ground-truth alignment

for shoe retrieval. The matching pipeline mirrors that of Chapter 4, where we use a Siamese

network to perform matching. We use a pre-trained ResNet-34 model to extract the 512-

channel activations ‘res5cx’ for comparison, and compute the similarity of pairs using the

multi-channel normalized cross-correlation metric without any learned parameters. In our

experiments, we define the full set of references to be the 26 median images of each class—as

images within each class are well aligned this equates to matching against the class with the

optimal alignment.

In our first experiment, we sample varying size subsets of references to see how sensitive

matching performance (top-1 error) is the alignment for different size patches. To be clear,

the size of the subset indicates the number of times a query is searched against the database,

one for each reference alignment; we take the max over the set of similarity scores for each

query-database-item pair as the final score for the pair. The left panel of Fig. 5.7 shows that

predicting alignment performs quite well compared to using the ground-truth alignment.

For all patch sizes, we see the error reduces as we use more reference alignments—indicating
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Figure 5.8: Comparing ground-truth alignment and predicted alignment for retrieving rele-
vant shoe images using cumulative match characteristic (CMC).

misalignment across shoe classes. More reference alignments are generally better except for

the case of patch size equal to 1.0, where we see slight increase in error. This is emphasized

in the right panel of Fig. 5.7 where we show the relative error of prediction to explicit search.

Overall this indicates alignment prediction is a viable replacement for explicit search.

In our second experiment, we evaluate how predicted alignment affects retrieval performance

(cumulative match characteristic). Unlike the last experiment where we searched the entire

database with each reference alignment, in this experiment each reference alignment only

matches against database items that are from the same class as the reference; this eliminates

chance alignment as the query is scored against each database item only once. We see from

Fig. 5.8 that errors in the alignment prediction result in an 11% drop in retrieval performance

when reviewing only a few database items—with the gap between predicted and ground-truth

not closing until 10% of the database has been reviewed. Overall this means that instead

of replacing alignment search, pre-aligning the query to reduce the alignment search space

may be more attractive when maximizing retrieval performance.
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5.5 Conclusion

In this work, we proposed using a spatial transformer network to predict an affine transfor-

mation between a pair of shoe images. We outline a procedure that uses shapes along with

this alignment prediction model to align images within a set. Results from following the

procedure are general positive—the sets of images are generally well aligned—but there are

still some failure cases. Upon inspection we find these failures are caused by out-of-plane

rotations of the shoe—a transformation that is outside the set of allowable transformations

we explored in this work and will be an area we plan to explore in the future. We demon-

strate that while alignment prediction for same-domain shoe retrieval is generally positive.

When retrieval accuracy is of utmost importance, replacing explicit search with an align-

ment predictor seems inadequate; instead, pre-aligning the query with prediction to reduce

the search space is a viable solution to speed up matching over solely doing explicit search.
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Appendices

A Convolutional Sparse Coding

In this section, we discuss implementation details for convolutional sparse sparse coding.

A.1 Least-Squares Filters with Constrained Spatial Support

To see why Eq. 2.11 is equivalent to the previous argmin (Eq. 2.10), consider the following

problem

s∗ = arg min
s
‖d− s‖2

2 + λᵀ(d− s)

s.t. s = Cs

s∗ =

s∗1

s∗0

 = arg min
s1,s0
‖d1 − s1‖2

2 + ‖d0 − s0‖2
2 + λᵀ

1(d1 − s1) + λᵀ
0(d0 − s0)

s.t. s0 = 0,

where we split each vector into two sub-vectors: the part that corresponds to small spatial

support (denoted with 1) and the part that does not (denoted with 0). By splitting s into

s1 and s0, we can think about each as separate problems as there are no terms that contain
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both.

s∗1 = arg min
s1
‖d1 − s1‖2

2 + λᵀ
1(d1 − s1)

= arg min
s1
‖Td− s1‖2

2 + Tλᵀ(Td− s1)

s∗0 = arg min
s0
‖d0 − s0‖2

2 + λᵀ
0(d0 − s0)

s.t. s0 = 0

= arg min
s0
‖s0‖2

2

So the s1 problem amounts to an unconstrained linear least squares; the s0 problem can be

transformed into an equivalent unconstrained problem with a trivial solution when certain

conditions hold. These conditions are that d0 and λ0 are null vectors. The matrix C does

exactly this, as it preserves the coefficients of any vector corresponding to the small spatial

support and zeros out the rest.

A.2 Implementation Details for Convolutional Sparse Coding

During our discussion of subproblems z (Sec. 2.2.2) and d (Sec. 2.2.2), we mentioned an

efficient variable reordering to find the optimal solution by solving D independent K × K

linear systems. First we define the following matrices

Ẑ =

[
ẑ1, . . . , ẑK

]ᵀ
, T̂ =

[
t̂1, . . . , t̂K

]ᵀ
, D̂ =

[
d̂1, . . . , d̂K

]ᵀ
, Ŝ =

[
ŝ1, . . . , ŝK

]ᵀ
Λ̂t =

[
λ̂t1, . . . , λ̂tK

]ᵀ
, Λ̂s =

[
λ̂s1, . . . , λ̂sK

]ᵀ
D̂x =

[
d̂1 � x̂, . . . , d̂K � x̂

]ᵀ
, Ẑx =

[
ẑ1 � x̂, . . . , ẑK � x̂

]ᵀ

and denote Ẑi, T̂i, D̂i, Ŝi, Λ̂ti, Λ̂si, D̂xi, and Ẑxi to be the i-th column of their respective

matrices.1 d̂ and ẑ denote the conjugate of d̂ and ẑ respectively. We can then solve the

1Note that T̂ is unrelated to the truncation matrix T
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subproblem z with

Ẑ∗i = (D̂iD̂
†
i + µtI)−1(D̂xi + µtT̂i + Λ̂ti),

and subproblem d with

D̂∗i = (ẐiẐ
†
i + µsI)−1(Ẑxi + µsŜi + Λ̂si).

In Eq. 2.9, we solved for d̂k which the inverse Fourier transform needs to be applied to get

dk. However, since only a sub-vector of dk is needed computing the inverse of the entire

vector is wasteful. If we look at the definition of C, we see that we can define a new matrix

Φ = TF−1 that will invert just the part of the vector we need. And the smaller M is with

respect to D, the greater the savings we gain. We can redefine Eq. 2.12 and Eq. 2.13 as

s̃k = Φd̂k +
1

µs

Φλ̂sk. (A.1)

s∗k = P


‖s̃k‖−1

2 s̃k if ‖s̃k‖2
2 ≥ 1

s̃k otherwise

(A.2)

Our entire discussion thus far has revolved around a single image, to handle multiple images

is quite straightforward and only requires us to change Eq. 2.9,

d̂∗ = (
N∑
x=1

Ẑ†xẐx + µsI)−1(
N∑
x=1

Ẑ†xx̂x + µsŝ− λ̂s). (A.3)
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B Energy-Based Spherical Sparse Coding

In this section, we provide additional details on the equivalence of spherical sparse coding

to convolutional sparse coding and a proof for the solution for the energy-based spherical

sparse coding problem.

B.1 Equivalence of Spherical Sparse Coding and Convolutional

Sparse Coding

Here we show that spherical sparse coding (SSC) with a norm constraint on the recon-

struction is equivalent to standard convolutional sparse coding (CSC). Expanding the least

squares reconstruction error and dropping the constant term ‖x‖2
2 gives the CSC problem:

max
z

2xᵀ
( K∑
k=1

dk ∗ zk
)
− ‖

K∑
k=1

dk ∗ zk‖2
2 − β

K∑
k=1

‖zk‖1.

Let ε = ‖
∑K

k=1 dk ∗ zk‖2 be the norm of the reconstruction for some code z and let u be the

reconstruction scaled ε to have unit norm so that:

u =

∑K
k=1 dk ∗ zk

‖
∑K

k=1 dk ∗ zk‖2

=
K∑
k=1

dk ∗ z̄k with z̄ =
1

ε
z

We rewrite the least-squares objective in terms of these new variables:

max
z̄,ε>0

g(z̄, ε) = max
z̄,ε>0

2xᵀ
(
εu
)
− ‖εu‖2

2 − β‖εz̄‖1

= max
z̄,ε>0

2ε
(
xᵀu− β

2
‖z̄‖1

)
− ε2

Taking the derivative of g w.r.t., ε yields the optimal scaling ε∗ as a function of z̄:

ε(z̄)∗ = xᵀu− β

2
‖z̄‖1.
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Plugging ε(z̄)∗ back into g yields:

max
z̄,ε>0

g(z̄, ε) = max
z̄,‖u‖2=1

(
xᵀu− β

2
‖z̄‖1

)2
.

Discarding solutions with ε < 0 can be achieved by simply dropping the square which results

in the final constrained problem:

arg max
z̄

xᵀ
( K∑
k=1

dk ∗ z̄k
)
− β

2

K∑
k=1

‖z̄k‖1

s.t. ‖
K∑
k=1

dk ∗ z̄k‖2 ≤ 1.

B.2 Energy-Based Spherical Sparse Coding Solution Proof

We show in this section that coding in the Energy-Based Spherical Sparse Coding (EB-SSC)

model can be solved efficiently by a combination of convolution, shrinkage and projection,

steps which can be implemented with standard libraries on a GPU. For convenience, we first

rewrite the objective in terms of cross-correlation rather than convolution (i.e., xᵀ(dk ∗zk) =

(dk ? x)ᵀzk). For ease of understanding, we first consider the coding problem when there is

no classification term.

z∗ = arg max
‖z‖22≤1

vᵀz− β‖z‖1,

where v = [(d1 ? x)ᵀ, . . . , (dK ? x)ᵀ]ᵀ. Pulling the constraint into the objective, we get its

Lagrangian function:

L(z, λ) = vᵀz− β‖z‖1 + λ
(
1− ‖z‖2

2

)
.
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From the partial subderivative of the Lagrangian w.r.t., zi we derive the optimal solution as

a function of λ; and from that find the conditions in which the solutions hold, giving us:

zi(λ)∗ =
1

2λ
·


vi − β vi > β

0 otherwise

vi + β vi < β

. (B.4)

This can also be compactly written as:

z(λ)∗ =
1

2λ
z̃, (B.5)

z̃ = s2 � v − βs

where s = sign(z∗) ∈ {−1, 0, 1}|z| and s2 = s � s ∈ {0, 1}|z|. The sign vector of z∗ can be

determined without knowing λ, as λ is a Lagrangian multiplier for an inequality it must

be non-negative and therefore does not change the sign of the optimal solution. Lastly, we

define the squared `2-norm of z̃, a result that will be used later:

‖z̃‖2
2 = z̃ᵀ(s2 � v)− βz̃ᵀs

= z̃ᵀv − β‖z̃‖1. (B.6)

Substituting z(λ)∗ back into the Lagrangian we get:

L(z(λ)∗, λ) =
1

2λ
vᵀz̃− β

2λ
‖z̃‖1 + λ

(
1− 1

4λ2
‖z̃‖2

2

)
,

and the derivative w.r.t., λ is:

∂L(z(λ)∗

∂λ
= − 1

2λ2
vᵀz̃ +

β

2λ2
‖z̃‖1 + 1 +

1

4λ2
‖z̃‖2

2.
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Setting the derivative equal to zero and using the result from Eq. B.6, we can find the optimal

solution to λ:

λ2 =
1

2
z̃ᵀv − β

2
‖z̃‖1 −

1

4
‖z̃‖2

2 =
1

2
‖z̃‖2

2 −
1

4
‖z̃‖2

2

=⇒ λ∗ =
1

2
‖z̃‖2.

Finally, plugging λ∗ into Eq. B.5 we find the optimal solution

z∗ =
z̃

‖z̃‖2

. (B.7)
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